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Recently, it was pointed out that quantum orders and the associated projective symmetry groups
can produce and protect massless gauge bosons and massless fermions in local bosonic models. In
this paper, we demonstrate that a state with such kind of quantum orders can be viewed as a
string-net condensed state. The emerging gauge bosons and fermions in local bosonic models can
be regarded as a direct consequence of string-net condensation. The gauge bosons are fluctuations
of large closed string-nets which are condensed in the ground state. The ends of open strings (or
nodes of open string-nets) are the charged particles of the corresponding gauge field. For certain
types of strings, the nodes of string-nets can even be fermions. According to the string-net picture,
fermions always carry gauge charges. This suggests the existence of a new discrete gauge field that
couples to neutrinos and neutrons. We also discuss how chiral symmetry that protects massless
Dirac fermions can emerge from the projective symmetry of quantum order.
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I. INTRODUCTION
A. Fundamental questions about light and fermions
We have known light and fermions for many years. But
we still cannot give a satisfactory answer to the following
fundamental questions: What are light and fermions?
Where light and fermions come from? Why light and
fermions exist? At moment, the standard answers to the
above fundamental questions appear to be “light is the
particle described by a gauge field” and “fermions are
the particles described by anti-commuting fields”. Here,
we like to argue that there is another possible answer to
the above questions: our vacuum is filled with string-like
objects that form network of arbitrary sizes and those
string-nets form a quantum condensed state. Accord-
ing to the string-net picture, the light (and other gauge
bosons) is a vibration of the condensed string-nets and
fermions are ends of strings (or nodes of string-nets). The
string-net condensation provides a unified origin of light
and fermions.[62]
2Before discussing the above fundamental questions in
more detail, we would like to clarify what do we mean by
“light exists” and “fermions exist”. We know that there
is a natural mass scale in physics – the Planck mass.
Planck mass is so large that any observed particle have a
mass at least factor 1016 smaller than the Planck mass.
So all the observed particles can be treated as massless
when compared with Planck mass. When we ask why
some particles exist, we really ask why those particles are
massless (or nearly massless when compared with Planck
mass). So the real issue is to understand what makes
certain excitations (such as light and fermions) massless.
We have known that symmetry breaking is a way to get
gapless bosonic excitations. We will see that string-net
condensation is another way to get gapless excitations.
However, string-net condensations can generate massless
gauge bosons and massless fermions.
Second, we would like to clarify what do we mean by
“origin of light and fermions”. We know that everything
has to come from something. So when we ask “where
light and fermions come from”, we have assumed that
there are some things simpler and more fundamental than
light and fermions. In the section II, we define local
bosonic models which are simpler than models with gauge
fields coupled to fermions. We will regard local bosonic
models as more fundamental (the locality principle). We
will show that light and fermions can emerge from a local
bosonic model if the model contains a condensation of
nets of string-like object in its ground state.
After the above two clarifications, we can state more
precisely the meaning of “string-net condensation pro-
vides another possible answer to the fundamental ques-
tions about light and fermions”. When we say gauge
bosons and fermions originate from string-net condensa-
tion, we really mean that (nearly) massless gauge bosons
and fermions originate from string-net condensation in a
local bosonic model.
B. Gapless phonon and symmetry breaking orders
Before considering the origin of massless photon and
massless fermions, let us consider a simpler massless (or
gapless) excitation – phonon. We can ask three simi-
lar questions about phonon: What is phonon? Where
phonon comes from? Why phonon exists? We know that
those are scientific questions and we know their answers.
Phonon is a vibration of a crystal. Phonon comes from
a spontaneous translation symmetry breaking. Phonon
exists because the translation-symmetry-breaking phase
actually exists in nature. In particular, the gaplessness of
phonon is directly originated from and protected by the
spontaneous translation symmetry breaking.[1, 2] Many
other gapless excitations, such as spin wave, superfluid
mode etc , also come from condensation of point-like ob-
jects that break certain symmetries.
It is quite interesting to see that our understanding of a
gapless excitation - phonon - is rooted in our understand-
ing of phases of matter. According to Landau’s theory,[3]
phases of matter are different because they have different
broken symmetries. The symmetry description of phases
is very powerful. It allows us to classify all possible crys-
tals. It also provides the origin for gapless phonons and
many other gapless excitations. Until a few years ago, it
was believed that the condensations of point-like objects,
and the related symmetry breaking and order parame-
ters, can describe all the orders (or phases) in nature.
C. The existence of light and fermions implies the
existence of new orders
Knowing light as a massless excitation, one may won-
der maybe light, just like phonon, is also a Nambu-
Goldstone mode from a broken symmetry. However, ex-
periments tell us that a U(1) gauge boson, such as light,
is really different from a Nambu-Goldstone mode in 3+1
dimensions. Therefore it is impossible to use Landau’s
symmetry breaking theory and condensation of point-
like objects to understand the origin and the massless-
ness of light. Also, Nambu-Goldstone modes are always
bosonic, thus it is impossible to use symmetry breaking
to understand the origin and the (nearly) masslessness
of fermions. It seems that there does not exist any order
that can give rise to massless light and massless fermions.
Because of this, we put light and electron into a different
category than phonon. We regarded them as elementary
and introduced them by hand into our theory of nature.
However, if we believe light and electrons, just like
phonon, exist for a reason, then such a reason must be a
certain order in our vacuum that protect the masslessness
of light and electron. (Here we have assumed that light
and electron are not something that we place in an empty
vacuum. Our vacuum is more like an “ocean” which is
not empty. Light and electron are collective excitations
that correspond to certain patterns of “water” motion.)
Now the question is that what kind of order can give rise
to light and electron, and protect their masslessness.
If we really believe in the equality between light, elec-
tron and phonon, then the very existence of light and
fermions indicates that our understanding of states of
matter is incomplete. We should deepen and expand our
understanding of the states of matter. There should be
new states of matter that contain new kind of orders. The
new orders will produce light and electron, and protect
their masslessness.
D. Topological order and quantum order
After the discovery of fractional quantum Hall (FQH)
effect,[4, 5] it became clear that the Landau’s symmetry
breaking theory cannot describe different FQH states,
since those states all have the same symmetry. It was
proposed that FQH states contain a new kind of order -
topological order.[6] Topological order is new because it
cannot be described by symmetry breaking, long range
correlation, and local order parameters. Non of the usual
tools that we used to characterize phases applies to topo-
logical order. Despite of this, topological order is not an
empty concept. Topological order can be characterized
by a new set of tools, such as the number of degenerate
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FIG. 1: A classification of different orders in matter. (We
view our vacuum as one kind of matter.)
ground states, quasiparticle statistics, and edge states. It
was shown that the ground state degeneracy of a topo-
logical ordered state is a universal property since the
degeneracy is robust against any perturbations.[7] Such
a topological degeneracy demonstrates the existence of
topological order. It can also be used to perform fault
tolerant quantum computations.[8]
Recently, the concept of topological order was general-
ized to quantum order.[9, 10] Quantum order is used to
describe new kinds of orders in gapless quantum states.
One way to understand quantum order is to see how it
fits into a general classification scheme of orders (see Fig.
1). First, different orders can be divided into two classes:
symmetry breaking orders and non-symmetry breaking
orders. The symmetry breaking orders can be described
by a local order parameter and can be said to contain
a condensation of point-like objects. All the symmetry
breaking orders can be understood in terms of Landau’s
symmetry breaking theory. The non-symmetry breaking
orders cannot be described by symmetry breaking, nei-
ther by the related local order parameters and long range
correlations. Thus they are a new kind of orders. If a
quantum system (a state at zero temperature) contains
a non-symmetry breaking order, then the system is said
to contain a non-trivial quantum order. We see that a
quantum order is simply a non-symmetry breaking order
in a quantum system.
Quantum order can be further divided into many sub-
classes. If a quantum state is gapped, then the corre-
sponding quantum order will be called topological or-
der. The low energy effective theory of a topological
ordered state will be a topological field theory.[11] The
second class of quantum orders appear in Fermi liquids
(or free fermion systems). The different quantum or-
ders in Fermi liquids are classified by the Fermi surface
topology.[10, 12]
E. The quantum orders from string-net
condensations
In this paper, we will concentrate on the third class of
quantum orders – the quantum orders from condensation
of nets of strings, or simply, string-net condensation.[13,
14] This class of quantum orders shares some similar-
ities with the symmetry breaking orders of “particle”
condensation. We know that different symmetry break-
ing orders can be classified by symmetry groups. Using
group theory, we can classify all the 230 crystal orders
in three dimensions. The symmetry also produces and
protects gapless Nambu-Goldstone bosons. Similarly, as
we will see later in this paper, different string-net con-
densations (and the corresponding quantum orders) can
be classified by a mathematical object called projective
symmetry group (PSG).[9, 10] Using PSG, we can clas-
sify over 100 different 2D spin liquids that all have the
same symmetry.[9] Just like symmetry group, PSG can
also produce and protect gapless excitations. However,
unlike symmetry group, PSG produces and protects gap-
less gauge bosons and gapless fermions.[9, 15, 16] Because
of this, we can say light and massless fermions can have
a unified origin. They can come from string-net conden-
sations.
We used to believe that to have light and fermions in
our theory, we have to introduce by hand a fundamen-
tal U(1) gauge field and anti-commuting fermion fields,
since at that time we did not know any collective modes
that behave like gauge bosons and fermions. Now, we
know that gauge bosons and fermions appear commonly
and naturally in quantum ordered states, as fluctuations
of condensed string-nets and ends of open strings. This
raises an issue: do light and fermions come from a fun-
damental U(1) gauge field and anti-commuting fields as
in the 123 standard model or do they come from a par-
ticular quantum order in our vacuum? Clearly it is more
natural to assume light and fermions come from a quan-
tum order in our vacuum. From the connection between
string-net condensation, quantum order, and massless
gauge/fermion excitations, it is very tempting to pro-
pose the following answers to the fundamental questions
about light and (nearly) massless fermions:
What are light and fermions?
Light is a fluctuation of condensed string-nets of arbi-
trary sizes. Fermions are ends of open strings.
Where light and (nearly) massless fermions
come from?
Light and the fermions come from the collective mo-
tions of nets of string-like objects that fill our vacuum.
Why light and (nearly) massless fermions exist?
Light and the fermions exist because our vacuum
chooses to have a string-net condensation.
Had our vacuum chosen to have a “particle” conden-
sation, there would be only Nambu-Goldstone bosons
at low energies. Such a universe would be very bor-
ing. String-net condensation and the resulting light and
(nearly) massless fermions provide a much more inter-
esting universe, at least interesting enough to support
intelligent life to study the origin of light and massless
fermions.
The string-net picture of fermions explains why there
is always an even number of fermions in our universe.
The string-net picture for gauge bosons and fermions also
has an experimental prediction: all fermions must carry
certain gauge charges.[14] At first sight, this prediction
4appears to contradict with the known experimental fact
that neutron carry no gauge charges. Thus one may think
the string-net picture of gauge bosons and fermions has
already been falsified by experiments. Here we would like
to point out that the string-net picture of gauge bosons
and fermions can still be correct if we assume the exis-
tence of a new discrete gauge field, such as a Z2 gauge
field, in our universe. In this case, neutrons and neutrinos
carry a non-zero charge of the discrete gauge field. There-
fore, the string-net picture of gauge bosons and fermions
predict the existence of discrete gauge excitations (such
as gauge flux lines) in our universe.
We would like to remark that, despite the similarity,
the above string-net picture of gauge bosons and fermions
is different from the picture of standard superstring the-
ory. In standard superstring theory, closed strings corre-
spond to gravitons, and open string correspond to gauge
bosons. All the elementary particles correspond to dif-
ferent vibration modes of small strings in the superstring
theory. Also, the fermions in the standard superstring
theory come from the fermion fields on the world sheet.
In our string-net picture, the vacuum is filled with large
nets of strings. The massless gauge bosons correspond
to the fluctuations of large closed string-nets (ie nets of
closed strings) and fermions correspond to the ends of
open strings in string nets. Anti-commuting fields are
not needed to produce (nearly) massless fermions. Mass-
less fermions appear as low energy collective modes in a
purely bosonic system.
The string-net picture for gauge theories have a long
history. The closed-string description of gauge fluctua-
tions is intimately related to the Wilson loop in gauge
theory.[17–19] The relation between dynamical gauge
theory and a dynamical Wilson-loop theory was sug-
gested in Ref. [20, 21]. Ref. [22] studied the Hamilto-
nian of a non-local model - lattice gauge theory. It was
found that the lattice gauge theory contains a string-
net structure and the gauge charges can be viewed as
ends of strings. In Ref. [23, 24] various duality relations
between lattice gauge theories and theories of extended
objects were reviewed. In particular, some statistical
lattice gauge models were found to be dual to certain
statistical membrane models.[25] This duality relation is
directly connected to the relation between gauge theory
and closed-string-net theory[13] in quantum models.
Emerging fermions from local bosonic models also have
a complicated history. The first examples of emerg-
ing fermions/anyons were the fractional quantum Hall
states,[4, 5] where fermionic/anyonic excitations were ob-
tained theoretically from interacting bosons in magnetic
field.[26] In 1987, fermion fields and gauge fields were
introduced to express the spin-1/2 Hamiltonian in the
slave-boson approach.[27, 28] However, writing a bosonic
Hamiltonian in terms of fermion fields does not imply
the appearance of well defined fermionic quasiparticles.
Emerging fermionic excitations can appear only in decon-
fined phases of the gauge field. Ref. [29–32] constructed
several deconfined phases where the fermion fields do de-
scribe well defined quasiparticles. However, depending
on the property of deconfined phases, those quasiparti-
cles may carry fractional statistics (for the chiral spin
states)[29, 30, 33] or Fermi statistics (for the Z2 decon-
fined states).[31, 32]
Also in 1987, in a study of resonating-valence-bond
(RVB) states, emerging fermions (the spinons) were pro-
posed in a nearest neighbor dimer model on square
lattice.[34–36] But, according to the deconfinement pic-
ture, the results in Ref. [34, 35] are valid only when the
ground state of the dimer model is in the Z2 deconfined
phase. It appears that the dimer liquid on square lattice
with only nearest neighbor dimers is not a deconfined
state,[35, 36] and thus it is not clear if the nearest neigh-
bor dimer model on square lattice[35] has the fermionic
quasiparticles or not.[36] However, on triangular lattice,
the dimer liquid is indeed a Z2 deconfined state.[37]
Therefore, the results in Ref. [34, 35] are valid for the
triangular-lattice dimer model and fermionic quasiparti-
cles do emerge in a dimer liquid on triangular lattice.
All the above models with emerging fermions are 2+1D
models, where the emerging fermions can be understood
from binding flux to a charged particle.[26] Recently, it
was pointed out in Ref. [14] that the key to emerging
fermions is a string structure. Fermions can generally
appear as ends of open strings. The string picture allows
a construction of a 3+1D local bosonic model that has
emerging fermions.
Comparing with those previous results, the new fea-
tures discussed in this paper are: (A) Massless gauge
bosons and fermions can emerge from local bosonic mod-
els as a result of string-net condensation. (B) Mass-
less fermions are protected by the string-net condensa-
tion (and the associated PSG). (C) String-net condensed
states represent a new kind of phases which cannot be
described Landau’s symmetry breaking theory. Different
string-net condensed states are characterized by differ-
ent PSG’s. (D) QED and QCD can emerge from a local
bosonic model on cubic lattice. The effective QED and
QCD has 4N families of leptons and quarks. Each family
has one lepton and two flavors of quarks.
The bottom line is that, within local bosonic mod-
els, massless fermions do not just emerge by themselves.
Emerging massless fermions, emerging massless gauge
bosons, string-net condensations, and PSG are intimately
related. They are just different sides of same coin - quan-
tum order.
According to the picture of quantum order, elemen-
tary particles (such as photon and electron) may not be
elementary after all. They may be collective excitations
of a local bosonic system below Planck scale. Since we
cannot do experiments close to Planck scale, it is hard
to determine if photon and electron are elementary par-
ticles or not. In this paper, we would like to show that
the string-net picture of light and fermions is at least self
consistent by studying some concrete local boson mod-
els which produce massless gauge bosons and massless
fermions through string-net condensations. The local bo-
son models studied here are just a few examples among a
long list of local boson models[8, 28, 29, 31–33, 35, 37–47]
that contain emerging fermions and gauge fields.
Here we would like to stress that the string-net pic-
ture for the actual gauge bosons and fermions in our
universe is only a proposal at moment. Although string-
5net condensation can produce and protect massless pho-
tons, gluons, quarks, and other charged leptons, we do
not know at moment if string-net condensations can pro-
duce neutrinos which are chiral fermions, and the weak-
interaction SU(2) gauge field which couples chirally to
the quarks and the leptons. Also, we do not know if
string-net condensation can produce an odd number of
families of quarks and leptons. The QED and QCD pro-
duced by the known string-net condensations all contain
an even number of families so far. The correctness of
string-net condensation in our vacuum depend on resolv-
ing the above problems. Nature has four fascinating and
somewhat strange properties: gauge bosons, Fermi statis-
tics, chiral fermions, and gravity. The string-net conden-
sation picture provides a natural explanation for the first
two properties. Two more to go.
On the other hand, if we concern about a condensed
matter problem: How to use bosons to make artificial
light and artificial fermions, then the string-net picture
and quantum order do provide an answer. To make ar-
tificial light and artificial fermions, we simply let certain
string-nets to condense.
In some recent work, quantum orders and their connec-
tion to emerging gauge bosons and fermions were studied
using PSG’s, without realizing their connection to string-
net condensation.[9, 15, 46] In this paper, we will show
that the quantum ordered states described by PSG’s are
actually string-net condensed states. The gauge bosons
and fermions produced and protected by the PSG’s have
a very natural string-net interpretation.[13, 14] Quan-
tum order, PSG, and string-net condensation are differ-
ent parts of the same story. Here we will summarize and
expand those previous work and try to present a coherent
picture for quantum order, PSG, and string-net conden-
sation, as well as the associated emerging gauge bosons
and fermions.
F. Organization
Section III reviews the work in Ref. [14]. We will study
an exactly soluble spin-1/2 model on square lattice[8, 46].
The model was solved using slave-boson approach.[46]
This allowed us to identify the PSG that characterizes
the non-trivial quantum order in the ground state.[46]
Here, following Ref. [14], we will solve the model from
string-net condensation point of view. Since the ground
state of the model can be described by both string-net
condensation and PSG, this allows us to demonstrate
the direct connection between string-net condensation
and PSG in section IV. The model is also one of the
simplest models that demonstrates the connection be-
tween string-net condensation and emerging gauge field
and fermions.[8, 14]
However, the above exact soluble model does not con-
tain gapless gauge boson and gapless fermions. If we
regard the lattice scale as the Planck scale, then gauge
bosons and fermions do not “exist” in our model in the
sense discussed in section IA. In section V, we will dis-
cuss an exact soluble local bosonic model that contain
massless Dirac fermions. In sections VII and VIII, we
will discuss local bosonic models that give rise to massless
electrons, quarks, gluons, and photons. Gauge bosons
and fermions “exist” in those latter models.
II. LOCAL BOSONIC MODELS
In this paper, we will only consider local bosonic mod-
els. Local bosonic models are important since they are
really local. We note that a fermionic model are in gen-
eral non local since the fermion operators at different sites
do not commute, even when the sites are well separated.
Due to their intrinsic locality, local bosonic models are
natural candidates for the fundamental theory of nature.
In the following we will give a detailed definition of local
bosonic models.
To define a physical system, we need to specify (A)
a total Hilbert space, (B) a definition of a set of local
physical operators, and (C) a Hamiltonian. With this
understanding, a local bosonic model is defined to be a
model that satisfies: (A) The total Hilbert space is a di-
rect product of local Hilbert spaces of finite dimensions.
(B) Local physical operators are local bosonic operators.
By definition, local bosonic operators are operators acting
within a local Hilbert space or finite products of those op-
erators for nearby local Hilbert spaces. Those operators
are called local bosonic operators since they all commute
with each other when far apart. (C) The Hamiltonian is
a sum of local physical operators.
A spin-1/2 system on a lattice is an example of local
bosonic models. The local Hilbert space is two dimen-
sional which contains | ↑〉 and | ↓〉 states. Local physical
operators are σai , σ
a
i σ
b
i+x, etc , where σ
a, a = x, y, z are
the Pauli matrices.
A free spinless fermion system (in 2 or higher dimen-
sions) is not a local bosonic model despite it has the
same total Hilbert space as the spin-1/2 system. This
is because the fermion operators ci on different sites do
not commute and are not local bosonic operators. More
importantly, the fermion hoping Hamiltonian in 2 and
higher dimensions cannot be written as a sum of local
bosonic operators. (Note in higher dimensions, we can-
not write all the hoping terms c†icj as product of local
bosonic operators. However, due to the Jordan-Wigner
transformation, a 1D fermion hoping c†i+1ci can be writ-
ten as a local bosonic operators. Hence, a 1D fermion
system can be a local bosonic model if we exclude ci
from our definition of local physical operators.)
The bosonic field theory without cut-off is not a local
bosonic model. This is because the local Hilbert space
does not have a finite dimension. A lattice gauge theory
is not a local bosonic model. This is because its total
Hilbert space cannot be a direct product of local Hilbert
spaces.
Another counter example of local bosonic model is a
quantum closed-string-net model. A quantum closed-
string-net model on lattice can be defined in the follow-
ing way. Let us consider only strings that cover nearest
neighbor links. A closed-string configuration may have
many closed strings with or without overlap. We will
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FIG. 2: An open-string excitation on top of the ground state
of HJ .
call a closed-string configuration a closed string-net. For
every closed string-net , we assign a quantum state. All
those quantum states form a basis of the total Hilbert
space of the closed-string-net model. Just like lattice
gauge theory, the closed-string-net model is not a local
bosonic model since the total Hilbert space cannot be
a direct product of local Hilbert spaces. It turns out
that closed-string-net models and lattice gauge model
are closely related. In fact some closed-string-net models
(or statistical membrane models) are equivalent to lattice
gauge models.[22–25]
III. Z2 SPIN LIQUID AND STRING-NET
CONDENSATION ON SQUARE LATTICE
A. Hamiltonians with closed-string-net
condensation
Let us first consider an arbitrary spin-1/2 model on a
square lattice. The first question that we want to ask
is what kind of spin interaction can given rise to a low
energy gauge theory. If we believe the connection be-
tween gauge theory and closed-string-net theory,[13, 22–
25] then one way to obtain a low energy gauge theory
is to design a spin interaction that allow strong fluctua-
tions of large closed string-nets, but forbid other types of
fluctuations (such as local spin flip, open string-net fluc-
tuations, etc ). (Note that closed string-nets are nets of
strings formed by intersecting/overlapping closed strings,
while open string-nets are nets of strings containing at
least an open string.) We hope the presence of strong
fluctuations of large closed-strings will lead to conden-
sation of closed strings of arbitrary sizes, which in turn
gives rise to a low energy gauge theory.
Let us start with
HJ = −J
∑
even
σxi − J
∑
odd
σyi (1)
where i = (ix, iy) labels the lattice sites, σ
x,y,z are the
Pauli matrices, and
∑
even (or
∑
odd) is a sum over even
sites with (−)i ≡ (−1)ix+iy = 1 (or over odd sites with
(−)i ≡ (−1)ix+iy = −1). The ground state of HJ , |0〉,
has spins pointing to x-direction on even sites and to y-
direction on odd sites (see Fig. 2). Such a state will be
defined as a state with no string.
To create a string excitation, we first draw a string
that connect nearest neighbor even plaquettes (see Fig.
2). We then flip the spins in the string. Such a string
state is created by the following string creation operator
(or simply, string operator):
W (C) =
∏
C
σaii (2)
where the product
∏
C is over all the sites on the string,
ai = y if i is even and ai = x if i is odd. A generic string
state has a form
|C1C2...〉 =W (C1)W (C2)...|0〉 (3)
where C1, C2, ... are strings with no overlapping ends.
Such a state will be called a string-net state and
W (Cnet) =W (C1)W (C2)...
will be called a string-net operator. The state |C1C2...〉
is an open-string-net state if at least one of Ci is an
open string. The corresponding operator W (Cnet) will
be called an open-string-net operator. If all Ci are closed
loops, then |C1C2...〉 is an closed-string-net state and
W (Cnet) an closed-string-net operator. The Hamiltonian
has no string-net condensation since its ground state |0〉
contains no string-nets. To obtain a Hamiltonian with
closed-string-net condensation, we need to first find a
Hamiltonian whose ground state contains a lot of closed
string-nets of arbitrary sizes and do not contain open
string-nets.
Let us first write down a Hamiltonian such that closed
strings cost no energy and any open strings cost a large
energy. One such Hamiltonian has a form
HU =− U
∑
even
Fˆi
Fˆi =σ
x
i σ
y
i+xσ
x
i+x+yσ
y
i+y (4)
We find the no-string state |0〉 is one of the ground state
of HU (assuming U > 0) with energy −UNsite. All the
closed-string-net states, such as W (Cclose)|0〉, are also
ground state of HU since [HU ,W (Cclose)] = 0. An open-
string state W (Copen)|0〉 is also an eigenstate of HU but
with energy −UNsite+2U . We see that each end of open
string cost an energy U . We also note that the energy
of closed strings does not depend on the length of closed
strings. Thus the closed strings in HU have no tension.
We can introduce a string tension by adding the HJ to
our Hamiltonian. The string tension will be 2J per site
(or per segment). We note that, any string-net state
|C1C2...〉 is an eigenstate of HU +HJ . Thus, string-nets
in the model described by HU +HJ do not fluctuate and
hence cannot condense. To make string-nets to fluctuate,
we need a g-term
Hg = g
∑
p
U(Cp) (5)
where p labels the odd plaquettes and Cp is the closed
string around the plaquette p. In fact
Hg = −g
∑
odd
Fˆi (6)
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FIG. 3: The proposed phase diagram for the H = HU +
Hg + HJ model. J is assumed to be positive. The four
string-net condensed phases are characterized by a pair of
PSG’s (PSGcharge, PSGvortex). MO marks an magnetic or-
dered state.
This way, we obtain the Hamiltonian of our spin-1/2
model
H = HU +HJ +Hg (7)
B. String condensation and low energy effective
theory
When J = 0 in Eq. (7), the model is exactly soluble
since [Fˆi, Fˆj ] = 0.[8, 46] All the eigenstates of HU +Hg
can be obtained from the common eigenstates of Fˆi.
Since Fˆ 2i = 1, the eigenvalues of Fˆi are simply ±1. Thu
s all the eigenstates of HU + Hg are labeled by ±1 on
each plaquette. (Note, this is not true for finite sys-
tems where the boundary condition introduce additional
complications.[46]) The energies of those eigenstates are
sum of eigenvalues of Fˆi weighted by U and g.
From the results of exact soluble model, we suggest a
phase diagram of our model as sketched in Fig. 3. We
will show that the phase diagram contains four different
string-net condensed phases and one phase with no string
condensation. All the phases have the same symmetry
and are distinguished only by their different quantum
orders.
Let us first discuss the phase with U, g > 0. We will
assume J = 0 and U ≫ g. In this limit, all states con-
taining open strings will have an energy of order U . The
low energy states contain only closed strings (or more
generally closed string-nets) and satisfy
Fˆi|i=even = 1 (8)
For infinite systems, the different low energy states are
labeled by the eigenvalues of Fˆi on odd plaquettes:
Fˆi|i=odd = ±1 (9)
In particular, the ground state is given by
Fˆi|i=odd = 1. (10)
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FIG. 4: A hopping of the Z2 charge around four nearest neigh-
bor even plaquettes.
All the closed-string-net operators W (Cnet) commute
with HU +Hg. Hence the ground state |Ψ0〉 of HU +Hg
satisfies
〈Ψ0|W (Cnet)|Ψ0〉 = 1. (11)
Thus the U, g > 0 ground state has a closed-stringi-
net condensation. The low energy excitations above the
ground state can be obtained by flipping Fˆi from 1 to −1
on some odd plaquettes.
If we view Fˆi on odd plaquettes as the flux in Z2 gauge
theory, we find that the low energy sector of model is
identical to a Z2 lattice gauge theory, at least for infi-
nite systems. This suggests that the low energy effective
theory of our model is a Z2 lattice gauge theory.
However, one may object this result by pointing out
that the low energy sector of our model is also identical to
an Ising model with one spin on each the odd plaquette.
Thus the the low energy effective theory should be the
Ising model. We would like to point out that although
the low energy sector of our model is identical to an Ising
model for infinite systems, the low energy sector of our
model is different from an Ising model for finite systems.
For example, on a finite even by even lattice with periodic
boundary condition, the ground state of our model has
a four-fold degeneracy.[8, 46] The Ising model does not
have such a degeneracy. Also, our model contains an
excitation that can be identified as Z2 charge (see below).
Therefore, the low energy effective theory of our model is
a Z2 lattice gauge theory instead of an Ising model. The
Fˆi = −1 excitations on odd plaquettes can be viewed as
the Z2 vortex excitations in the Z2 lattice gauge theory.
C. Three types of strings and emerging fermions
What is the Z2 charge excitations? We note that, in
the closed-string-net condensed state, the action of the
closed-string operator Eq. (2) on the ground state is triv-
ial. This suggests that the action of the open-string op-
erators on the ground state only depend on the ends of
strings, since two open strings with the same ends only
differ by a closed string. Therefore, an open-string op-
erator create two particles at its ends when acting on
the string condensed state. Since the strings in Eq. (2)
only connect even plaquettes, the particle corresponding
to the ends of the open strings always live on the even
plaquettes. We will call such a string T1 string. Form
8the commutation relation between Fˆi and the open-string
operators, we find that the open-string operators flip the
sign of Fˆi at its ends. Thus each particle created by
the open-string operators has an energy 2U . Now, let
us consider the hopping of one such particle around four
nearest neighbor even plaquettes (see Fig. 4). We see
that the product of the the four hopping amplitudes is
given by the eigenvalue of Fˆi on the odd plaquette in the
middle of the four even plaquettes.[8, 14] This is exactly
the relation between charge and flux. Thus if we identify
Fˆi on odd plaquettes as Z2 flux, then the ends of strings
on even plaquettes will correspond to the Z2 charges.
We note that, due to the closed-string condensation, the
ends of open strings are not confined and have only short
ranged interactions between them. Thus the Z2 charges
behave like quasiparticles with no string attached.
Just like the Z2 charges, a pair Z2 vortices is also cre-
ated by an open string operator. Since the Z2 vortices
correspond to flipped Fˆi on odd plaquettes, the open-
string operator that create Z2 vortices is also given by
Eq. (2), except now the product is over a string that con-
nect odd plaquettes. We will call such a string T2 string.
(The strings connecting even plaquettes were called T1
strings.)
We would like to point out that the reference state
(ie the no string state) for the T2 string is different from
that of the T1 string. The no-T2-string state is given
by |0˜〉 with spin pointing in y-direction on even sites and
x-direction on odd sites. Since the T1 and T2 strings
have different reference state, we cannot have a dilute gas
of the T1 strings and the T2 strings at the same time.
One can easily check that the T2 string operators also
commute with HU + Hg. Therefore, the ground state
|Ψ0〉, in addition to the T1 closed-string condensation,
also has a T2 closed-string condensation.
The hopping of a Z2 vortex is induced by a short T2
open-string. Since the T2 open-strings operators all com-
mute with each other, the Z2 vortex behave like bosons.
Similarly, the Z2 charges also behave like bosons. How-
ever, T1 open-string operators and T2 open-string oper-
ators do not commute. As a result, the ends of T1 string
and the ends of T2 string have nontrivial mutual statis-
tics. As we have already shown that moving a Z2 charge
around a Z2 vortex generate a phase π, the Z2 charges
and the Z2 vortices have a semionic mutual statistics.
The T3 strings are defined as bound states of T1 and
T2 strings. The T3 string operator has a form W (C) =∏
n σ
ln
in
. where C is a string connecting the mid-points of
the neighboring links (see Fig. 6), and in are sites on the
string. lm = z if the string does not turn at site im (see
Fig. 6). lm = x or y if the string makes a turn at site
im. lm = x if the turn forms a upper-right or lower-left
corner. lm = y if the turn forms a lower-right or upper-
left corner. (See Fig. 6.) The ground state also has a
condensation of T3 closed-strings. The ends of T3 string,
as bound states of the Z2 charges and the Z2 vortices,
are fermions. The bound state is formed by a Z2 charge
and a Z2 vortex on the two plaquettes on the two side
of a link (ie Fi = −1 on the two sides of the link). Thus
the fermions live on the links. It is interesting to see that
string-net condensation in our model directly leads to Z2
gauge structure and three new type of quasiparticles: Z2
charge, Z2 vortex, and fermions. Fermions, as ends of
open T3 strings, emerge from our purely bosonic model.
Since ends of T1 string are Z2 charges, the T1 string
can be viewed as strings of Z2 “electric” flux. Similarly,
the T2 string can be viewed as strings of Z2 “magnetic”
flux.
IV. CLASSIFICATION OF DIFFERENT
STRING CONDENSATIONS BY PSG
A. Four classes of string-net condensations
As we have seen in last section that when U > 0, g > 0,
and J = 0, the ground state of our model is given by
Fˆi|i=even =1, Fˆi|i=odd =1. (12)
We will call such a phase Z2 phase to stress the low en-
ergy Z2 gauge structure. In the Z2 phase, the T1 string
operatorW1(C1) and the T2 string operatorW2(C2) have
the following expectation values
〈W1(C1)〉 = 1, 〈W2(C2)〉 = 1 (13)
When U > 0, g < 0, and J = 0, the ground state is
given by
Fˆi|i=even =1, Fˆi|i=odd =− 1. (14)
We see that there is π-flux through each odd plaquette.
We will call such a phase Z2-flux phase. The T1 string
operator and the T2 string operator have the following
expectation values
〈W1(C1)〉 = (−)Nodd , 〈W2(C2)〉 = 1 (15)
where Nodd is the number of odd-plaquettes enclosed by
the T1 string C1.
When U < 0, g > 0, and J = 0, the ground state is
Fˆi|i=even =− 1, Fˆi|i=odd =1. (16)
The ground state has a Z2 charge on each even plaquette.
We will call such a phase Z2-charge phase. The T1 string
operator and the T2 string operator have the following
expectation values
〈W1(C1)〉 = 1, 〈W2(C2)〉 = (−)Neven (17)
whereNeven is the number of even-plaquettes enclosed by
the T2 string C2. Note that the Z2-flux phase and the
Z2-charge phase, different only by a lattice translation,
are essentially the same phase.
When U < 0, g < 0, and J = 0, the ground state
becomes
Fˆi|i=even =− 1, Fˆi|i=odd =− 1. (18)
There is a Z2 charge on each even plaquette and π-flux
through each odd plaquette. We will call such a phase
Z2-flux-charge phase. The T1 string operator and the T2
string operator have the following expectation values
〈W1(C1)〉 = (−)Nodd , 〈W2(C2)〉 = (−)Neven (19)
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From the different 〈W1(C1)〉 and 〈W2(C2)〉, we see that
the above four phases have different string-net condensa-
tions. However, they all have the same symmetry. This
raises an issue. Without symmetry breaking, how do we
know the above four phases are really different phases?
How do we know that it is impossible to change one
string-net condensed state to another without a phase
transition?
In the following, we will show that the different string-
net condensations can be described by different PSG’s
(just like different symmetry breaking orders can be de-
scribed by different symmetry groups of ground states.)
In Ref. [9, 10], different quantum orders were introduced
via their different PSG’s. The connection between string-
net condensation and PSG allows us to connect string-
net condensation to the quantum order introduced in
Ref. [9, 10]. In particular, the PSG’s are shown to be
a universal property of a quantum phase, which can be
changed only by phase transitions. Thus the different
PSG’s for the different string-net condensed states indi-
cate that those different string-net condensed states be-
long to different quantum phases.
When closed-string-nets condense, the ends of open
strings behave like independent particles. Let us consider
two particles states |p1p2〉 described by the two ends of a
T1 string. Note that the ends of the T1 strings, and hence
the Z2 charges, only live on the even plaquettes. Here p1
and p2 label the even plaquettes. For our modelHU+Hg,
|p1p2〉 is an energy eigenstate and the Z2 charges do not
hop. Here we would like to add a term
Ht = t
∑
i
(σxi + σ
y
i ) + t
′
∑
i
σzi (20)
to the Hamiltonian. The t-term t
∑
i(σ
x
i + σ
y
i ) makes
the Z2 charges to hop among the even plaquettes with a
hopping amplitude of order t. The dynamics of the two
Z2 charges is described by the following effective Hamil-
tonian in the two-particle Hilbert space
H = H(p1) +H(p2) (21)
whereH(p1) describes the hopping of the first particle p1
and H(p2) describes the hopping of the second particle
p2. Now we can define the PSG in a string-net condensed
state. The PSG is nothing but the symmetry group of
the hopping Hamiltonian H(p).
Due to the translation symmetry of the underlying
model HU+Hg+Ht, we may naively expect the hopping
Hamiltonian of the Z2 charge H(p) also have a transla-
tion symmetry
H(p) =T †xyH(p)Txy, Txy|p〉 = |p+ x+ y〉
H(p) =T †xy¯H(p)Txy¯, Txy¯|p〉 = |p+ x− y〉 (22)
The above implies PSG = translation symmetry group.
It turns out that Eq. (22) is too strong. The underlying
spin model can have translation symmetry even when
H(p) does not satisfy Eq. (22). However, the possible
symmetry groups of H(p) (the PSG’s) are strongly con-
strained by the translation symmetry of the underlying
spin model. In the follow, we will explain why the PSG
can be different from the symmetry group of the physi-
cal spin model, and what conditions that the PSG must
satisfy in order to be consistent with the translation sym-
metry of the spin model.
We note that a string always has two ends. Thus a
physical state always has an even number of Z2 charges.
The actions of translation on a two-particle state are
given by
T (2)xy |p1,p2〉 =eθxy(p1,p2)|p1 + x+ y,p2 + x+ y〉
T
(2)
xy¯ |p1,p2〉 =eθxy¯(p1,p2)|p1 + x− y,p2 + x− y〉 (23)
The phases eθxy(p1,p2) and eθxy¯(p1,p2) come from the am-
biguity of the location of the string that connect p1 and
p2. ie the phases can be different if the string connecting
the two Z2 charges has different locations. T
(2)
xy and T
(2)
xy¯
satisfy the algebra of translations
T (2)xy T
(2)
xy¯ = T
(2)
xy¯ T
(2)
xy (24)
T
(2)
xy and T
(2)
xy¯ are direct products of translation opera-
tors on the single-particle states. Thus, in some sense,
the single-particle translations are square roots of two-
particle translations.
The most general form of single-particle translations
is given by TxyGxy and Txy¯Gxy¯, where the actions of
operators Txy,xy¯ and Gxy,xy¯ are defined as
Txy|p〉 =|p+ x+ y〉
Txy¯|p〉 =|p+ x− y〉
Gxy|p〉 =eiφxy(p)|p〉
Gxy¯|p〉 =eiφxy¯(p)|p〉 (25)
In order for the direct product T
(2)
xy = TxyGxy ⊗ TxyGxy
and T
(2)
xy¯ = Txy¯Gxy¯⊗Txy¯Gxy¯ to reproduce the translation
algebra Eq. (24), we only require TxyGxy and Txy¯Gxy¯ to
satisfy
TxyGxyTxy¯Gxy¯ = Txy¯Gxy¯TxyGxy (26)
or
TxyGxyTxy¯Gxy¯ = −Txy¯Gxy¯TxyGxy (27)
The operators TxyGxy and Txy¯Gxy¯ generate a group.
Such a group is the PSG introduced in Ref. [9]. The
two different algebra Eq. (26) and Eq. (27) generate two
different PSG’s, both are consistent with the translation
group acting on the two-particle states. We will call the
PSG generated by Eq. (26) Z2A PSG and the PSG gen-
erated by Eq. (27) Z2B PSG.
Let us give a more general definition of PSG. A PSG is
a group. It is a extension of symmetry group (SG), ie a
PSG contain a normal subgroup (called invariant gauge
group or IGG) such that
PSG/IGG = SG (28)
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For our case, the SG is the translation group SG =
{1, T (2)xy , T (2)xy¯ , ...}. For every element in SG, a(2) ∈ SG,
there are one or several elements in PSG, a ∈ PSG, such
that a ⊗ a = a(2). The IGG in our PSG is formed by
the transformations G0 on the singe-particle states that
satisfy G0 ⊗G0 = 1. We find that IGG is generated by
G0|p〉 = −|p > (29)
G0, TxyGxy and Txy¯Gxy¯ generate the Z2A and Z2B
PSG’s.
Now we see that the underlying translation symmetry
does not require the single-particle hopping Hamiltonian
H(p) to have a translation symmetry. It only require
H(p) to be invariant under the Z2A PSG or the Z2B
PSG. When H(p) is invariant under the Z2A PSG, the
hopping Hamiltonian has the usual translation symme-
try. When H(p) is invariant under the Z2B PSG, the
hopping Hamiltonian has a magnetic translation symme-
try describing a hopping in a magnetic field with π-flux
through each odd plaquette.
C. PSG’s classify different string-net condensations
After understand the possible PSG’s for the hopping
Hamiltonian of the ends of strings, now we are ready to
calculate the actual PSG’s. Let us consider two ground
states of our model HU +Hg+Ht. One has Fˆi|i=odd = 1
(for g > 0) and the other has Fˆi|i=odd = −1 (for g < 0).
Both ground states have the same translation symmetry
in x+y and x−y directions. However, the corresponding
single-particle hopping Hamiltonian H(p) has different
symmetries. For the Fˆi|i=odd = 1 state, there is no flux
through odd plaquettes and H(p) has the usual transla-
tion symmetry. It is invariant under the Z2A PSG. While
for the Fˆi|i=odd = −1 state, there is π-flux through odd
plaquettes and H(p) has a magnetic translation symme-
try. Its PSG is the Z2B PSG. Thus the Fˆi|i=odd = 1 state
and the Fˆi|i=odd = −1 state have different orders despite
they have the same symmetry. The different quantum
orders in the two states can be characterized by their
different PSG’s.
The above discussion also apply to the Z2 vortex and
T2 strings. Thus the quantum orders in our model are
described by a pair of PSG’s (PSGcharge, PSGvortex),
one for the Z2 charge and one for the Z2 vortex. The
PSG pairs (PSGcharge, PSGvortex) allows us to distin-
guish four different string-net condensed states of model
H = HU +Hg +Ht.(See Fig. 5.)
Now let us assume U = g in our model:
HU +Hg +Ht = Ht − V
∑
i
Fˆi (30)
The new physical spin model has a larger translation
symmetry generated by ∆i = x and ∆i = y (see Fig.
5). Due to the enlarged symmetry group, the quantum
orders in the new system should be characterized by a
new PSG. In the following, we will calculate the new
PSG.
extra translation
symmetry
FM
(Z2B,Z 2A) (Z2A,Z2A)
(Z2A,Z2B)(Z2B,Z2B)
Z 2
Z 2Z 2
Z 2
−
−
string condense
−flux−charge
string condensestring condense
−flux
string condense
−charge
+
+0
0
g/t
U/
t
FIG. 5: The proposed phase diagram for the H = HU +Hg+
Ht model. t = t
′ is assumed to be positive. The four string-
net condensed phases are characterized by a pair of PSG’s
(PSGcharge, PSGvortex). FM marks a ferromagnetic phase.
The single-particle states are given by |p〉. When p is
even, |p〉 corresponds to a Z2 charge and when p is odd,
|p〉 corresponds to a Z2 vortex. We see that a transla-
tion by x (or y) will change a Z2 charge to a Z2 vortex
or a Z2 vortex to a Z2 charge. Therefore the effective
single-particle hopping Hamiltonian H(p) only contain
hops between even plaquettes or odd plaquettes. The
single-particle Hamiltonian H(p) is invariant under the
following two transformations G0 and G
′
0:
G0|p〉 = −|p >, G′0|p〉 = (−)p|p > (31)
We note that G0⊗G0 = G′0⊗G′0 = 1. Therefore both G0
and G′0 correspond to the identity element of the sym-
metry group of two-particle states. (G0, G
′
0) generate the
IGG of the new PSG. The new IGG is Z2 × Z2.
The translations of single-particle states by x and by
y are generated by TxGx and TyGy. The translation by
x+ y and by x− y are given by
TxyGxy =TyGyTxGx
Txy¯Gxy¯ =(TyGy)
−1TxGx (32)
Since TxyGxy and Txy¯Gxy¯ are the translations of the Z2
charge and the Z2 vortex discussed above, we find
(Txy¯Gxy¯)
−1(TxyGxy)
−1Txy¯Gxy¯TxyGxy = η (33)
where η = 1 for the (Z2A,Z2A) state with Fˆi = 1 and
η = −1 for the (Z2B,Z2B) state with Fˆi = −1. Also
TxGx and TyGy must satisfy
(TyGy)
−1(TxGx)
−1TyGyTxGx ∈ IGG (34)
since on the two-particle states
(T (2)y )
−1(T (2)x )
−1T (2)y T
(2)
x = 1 (35)
Therefore, (TyGy)
−1(TxGx)
−1TyGyTxGx may take the
following possible values 1, −1, (−)p, and −(−)p. Only
choices ηp and −ηp are consistent with Eq. (33) and we
have
(TyGy)
−1(TxGx)
−1TyGyTxGx = η
′ηp (36)
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FIG. 6: Fermion hopping around a plaquette, around a
square, and around a site.
We like to point out that the different choices of η′ =
±1 do not lead to different PSG’s. This is because if
TxGx is a symmetry of the H(p), then TxGx(−)p is also
a symmetry of the H(p). However, the change Gx →
Gx(−)p will change the sign of η′. Thus η′ = 1 and
η′ = −1 will lead to the same PSG. But the different
signs of η will lead to different PSG’s.
(G0, G
′
0) and (TxGx, TyGy) generate the new PSG. The
single-particle Hamiltonian H(p) is invariant under such
a PSG. η = 1 and η = −1 correspond to two different
PSG’s that characterize two different quantum orders.
The ground state for V > 0 and |V | ≫ t (see Eq. (30)) is
described by the η = 1 PSG. The ground state for V < 0
and |V | ≫ t is described by the η = −1 PSG. The two
ground states have different quantum orders and different
string-net condensations.
D. Different PSG’s from the ends of different
condensed strings
In this section we still assume U = g and consider only
the translation invariant model Eq. (30). In the above we
discussed the PSG for the ends of one type of condensed
strings in different states. In this section, we will concen-
trate on only one ground state. We know that the ground
state of our spin-1/2 model contain condensations of sev-
eral type of strings. We like to calculate the the different
PSG’s for the different condensed strings.
The PSG’s for the condensed T1 and T2 strings were
obtained above. Here we will discuss the PSG for the
T3 string. Since the ends of the T3 strings live on the
links, the corresponding single-particle hopping Hamil-
tonian Hf (l) describes fermion hopping between links.
Clearly, the symmetry group (the PSG) of Hf (l) can be
different from that of H(p).
Let us consider fermion hopping around some small
loops. The four hops of a fermion around a site i (see Fig.
6) are generated by σyi , σ
x
i , σ
y
i , and σ
x
i . The total ampli-
tude of a fermion hopping around a site is σyi σ
x
i σ
y
i σ
x
i =
−1. The fermion hopping around a site always sees π-
flux. The four hops of a fermion around a plaquette p (see
Fig. 6) are generated by σxi0 , σ
y
i0+x
, σxi0+x+y, and σ
y
i0+y
,
where i0 is the lower left corner of the plaquette p. The
total amplitude of a fermion hopping around a plaquette
is given by σyi0+yσ
x
i0+x+y
σyi0+xσ
x
i0
= Fˆi0 . When V > 0,
the ground state has Fˆi = 1. However, since site i0 is
next to the end of T3 string, we have Fˆi0 = −Fˆi = −1.
In this case, the fermion hopping around a plaquette sees
π-flux. For V < 0 ground state, we find that fermion
hopping around a plaquette sees no flux.
Let us define the fermion hopping l → l + x as the
combination of two hops l → l + x2 − y2 → l + x and
the fermion hopping l → l + y as the combination of
l → l + x2 + y2 → l + y (see Fig. 6). Under such a
definition, a fermion hopping around a square l → l +
x → l + x + y → l + y → l correspond to a fermion
hopping around a site and a fermion hopping around a
plaquette discussed above (see Fig. 6). Therefore, the
total amplitude for a fermion hopping around a square is
given by the sign of V : sgn(V ). We find the translation
symmetries (TxGx, TyGy) of the fermion hopping Hf (l)
satisfies
(TyGy)
−1(TxGx)
−1TyGyTxGx = sgn(V ) (37)
which is different from the translation algebra for H(p)
Eq. (36). Hf (l) is also invariant under G0:
G0|l〉 = −|l〉 (38)
(G0, TxGx, TyGy) generate the symmetry group - the
fermion PSG - of Hf (l). We will call the fermion PSG
Eq. (37) for sgn(V ) = 1 the Z2A PSG and the fermion
PSG for sgn(V ) = −1 the Z2B PSG. We see that the
quantum orders in the ground state can also be charac-
terized using the fermion PSG. The quantum order in
the V > 0 ground state is characterized by the Z2A PSG
and the quantum order in the V < 0 ground state is
characterized by the Z2B PSG.
In Ref. [46], the spin-1/2 model Eq. (30) (with t =
t′ = 0) was viewed as a hardcore boson model. The
model was solved using slave-boson approach by split-
ting a boson into two fermions. Then it was shown the
fermion hopping Hamiltonian for V > 0 and V < 0 states
have different symmetries, or invariant under different
PSG’s. According to the arguments in Ref. [9], the dif-
ferent PSG’s imply different quantum orders in the V > 0
and V < 0 ground state states. The PSG’s obtained in
Ref. [46] for the V > 0 and V < 0 phases agrees exactly
with the fermion PSG’s that we obtained above. This ex-
ample shows that the PSG’s introduced in Ref. [10, 46]
are the symmetry groups of the hopping Hamiltonian of
the ends of condensed strings. The PSG description and
the string-net-condensation description of quantum or-
ders are intimately related.
Here we would like to point out that the PSG’s intro-
duced in Ref. [9, 10] are all fermion PSG’s. They are only
one of many different kinds of PSG’s that can be used to
characterize quantum orders. In general, a quantum or-
dered state may contain condensations of several types of
strings. The ends of each type of condensed strings will
have their own PSG.
V. MASSLESS FERMION AND PSG IN
STRING-NET CONDENSED STATE
In Ref. [9, 16], it was pointed out that PSG can pro-
tect masslessness of the emerging fermions, just like sym-
metry can protect the masslessness of Nambu-Goldstone
12
bosons. In this section, we are going to study an ex-
act soluble spin- 12
1
2 model with string-net condensation
and emerging massless fermions. Through this soluble
model, we demonstrate how PSG that characterizes the
string-net condensation can protect the masslessness of
the fermions. The exact soluble model that we are going
to study is motivated by Kitaev’s exact soluble spin-1/2
model on honeycomb lattice.[48]
A. Exact soluble spin- 1
2
1
2
model
The exact soluble model is a local bosonic model on
square lattice. To construct the model, we start with four
Majorana fermions λai , a = x, x¯, y, y¯ and one complex
fermion ψ. λai satisfy
{λai , λbj} = 2δabδij (39)
We note that
Uˆi,i+x = −iλxi λx¯i+x, Uˆi,i+y = −iλyiλy¯i+y, Uˆij = Uˆji
(40)
form a commuting set of operators. Using such a com-
muting set of operators, we can construct the following
exact soluble interacting fermion model
H =g
∑
i
Fˆi + t
∑
i
(iUˆi,i+xψ
†
iψi+x + iUˆi,i+yψ
†
iψi+y + h.c.)
Fˆi =Uˆi,i1 Uˆi1,i2Uˆi2,i3Uˆi3,i (41)
where i1 = i + x, i2 = i + x + y, i3 = i + y, and t is
real. We will call Fˆi a Z2 flux operator. To obtain the
Hilbert space within which the Hamiltonian H acts, we
group λx,x¯,y,y¯ into two complex fermion operators
2ψ1,i = λ
x
i + iλ
x¯
i , 2ψ2,i = λ
y
i + iλ
y¯
i (42)
on each site. The complex fermion operators ψ1,2 and ψ
generate an eight dimensional Hilbert space on each site.
Since Uˆij commute with each other, we can find the
common eigenstates of the Uˆij operators: |{sij}, n〉,
where sij is the eigenvalue of Uˆij , and n labels different
degenerate common eigenstates . Since (Uˆij)
2 = 1 and
Uˆij = Uˆji , sij satisfies sij = ±1 and sij = sji. Within
the subspace with a fixed set of sij : {|{sij}, n〉|n =
1, 2, ...}, the Hamiltonian has a form
H =g
∑
i
fi + t
∑
i
(isi,i+xψ
†
iψi+x + isi,i+yψ
†
iψi+y + h.c.)
fi =si,i1si1,i2si2,i3si3,i (43)
which is a free fermion Hamiltonian. Thus we can find all
the many-body eigenstates of ψi: |{sij},Ψn〉 and their
energies E({sij}, n) in each subspace. This way we solve
the interacting fermion model exactly.
We note that the Hamiltonian H can only change the
fermion number on each site by an even number. Thus
the H acts within a subspace which has an even num-
ber of fermions on each site. We will call the subspace
physical Hilbert space. The physical Hilbert space has
only four states per site. When defined on the physical
space, H becomes a local bosonic system which actually
describes a spin 12× 12 system (with no spin rotation sym-
metry). We will call such a system spin- 12
1
2 system. To
obtain an expression of H within the physical Hilbert
space, we introduce two Majorana fermions η1,i and η2,i
to represent ψi: 2ψi = η1,i + iη2,i. We note that λ
aη1,
a = x, x¯, y, y¯, act within the four dimensional physical
Hilbert space on each site, and thus are 4 by 4 matrices.
Also {−iλaη1,−iλbη1} = 2δab, thus the four 4 by 4 matri-
ces λaη1 satisfy the algebra of Dirac matrices. Therefore
we can express λaη1 in terms of Dirac matrices γ
a:
λaη1 =iγ
a
γx =σx ⊗ σx, γx¯ =σy ⊗ σx
γy =σz ⊗ σx, γ y¯ =σ0 ⊗ σy (44)
We can also define the γ5
γ5 ≡γxγx¯γyγ y¯ = −σ0 ⊗ σz
=λxλx¯λyλy¯ = iη1η2 (45)
where we have used 1 − 2ψ†ψ = −iη1η2 and
(−iλxλx¯)(−iλyλy¯)(−iη1η2) = 1 for states with even
numbers of fermions. With the above definition of γa
and γ5, we find that
λaη2 = γ
aγ5 (46)
and
λaψ =
i
2
(γa + γaγ5) ≡ iγ−,a,
λaψ† =
i
2
(γa − γaγ5) ≡ iγ+,a
γ−,a =(γ+,a)† (47)
We also have
λaλb = γaγb ≡ γab (48)
The above relations allows us to write H in terms of 4
by 4 Dirac matrices. For example
Fˆi = −γyxi γx¯yi+xγ y¯x¯i+x+yγxy¯i+y (49)
and
Uˆi,i+xψ
†
iψi+x =− iγ+,xi γ−,x¯i+x
Uˆi,i+yψ
†
iψi+y =− iγ+,yi γ−,y¯i+y (50)
The physical states in the physical Hilbert space are
invariant under local Z2 gauge transformations generated
by
G =
∏
i
Gnii
ni =ψ
†
1,iψ1,i + ψ
†
2,iψ2,i + ψ
†
iψi (51)
where Gi is an arbitrary function with only two values
±1 and ni the number of fermions on site i. We note
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that the Z2 gauge transformations change ψIi → GiψIi.
The projection into the physical Hilbert space with even
fermion per site makes our theory a Z2 gauge theory.
Since the Hamiltonian H in Eq. (41) is Z2 gauge in-
variant: [G,H ] = 0, eigenstate of H within the phys-
ical Hilbert space can be obtained from |{sij},Ψn〉 by
projecting into the physical Hilbert space: P|{sij},Ψn〉.
The projected state P|{sij},Ψn〉 (or the physical state),
if non-zero, is an eigenstate of the spin- 12
1
2 model with en-
ergy E({sij}, n). The Z2 gauge invariance implies that
P|{sij},Ψn〉 =P|{s˜ij},Ψn〉
E({sij}, n) =E({s˜ij}, n) (52)
if sij and s˜ij are Z2 gauge equivalent
s˜ij = G(i)sijG(j). (53)
Let us count the states to show that the projected
states P|{sij},Ψn〉 generate all states in the physical
Hilbert space. Let us consider a periodic lattice with
Nsite = LxLy sites. First there are 2
2Nsite choices of
sij . We note that there are 2
Nsite different Z2 gauge
transformations. But the constant gauge transformation
G(i) = −1 does not change sij . Thus there are 2Nsite/2
different sij ’s in each Z2 gauge equivalent class. There-
fore, there are 2 × 2Nsite different Z2 gauge equivalent
classes of sij ’s. We also note that∏
i
si,i+xsi,i+y
=(−)Lx+Ly
∏
i
(−iλxi λx¯i )(−iλyiλy¯i )
=(−)Lx+Ly+
∑
i
(ψ†
1,i
ψ1,i+ψ
†
2,i
ψ2,i) (54)
Thus, among the 2×2Nsite different classes of sij ’s, 2Nsite
of them satisfy
∏
i si,i+xsi,i+y = (−)Lx+Ly and have
even numbers of ψ1,i and ψ2,i fermions. The other 2
Nsite
of them satisfy
∏
i si,i+xsi,i+y = −(−)Lx+Ly and have
odd numbers of ψ1,i and ψ2,i fermions.
For each fixed sij , there are 2
Nsite many-body states
of the ψi fermions, ie n in |{sij},Ψn〉 runs from 1 to
2Nsite . Among those 2Nsite many-body states, 2Nsite/2
of them have even numbers of ψi fermions and 2
Nsite/2
of them have odd numbers of ψi fermions. In order
for the projection P|{sij},Ψn〉 to be non-zero, the to-
tal number of fermions must be even. A physical state
has even numbers of (ψ1,i, ψ2,i) fermions and even num-
bers of ψi fermions, or it has odd numbers of (ψ1,i, ψ2,i)
fermions and odd numbers of ψi fermions. Thus there
are 2Nsite × 2Nsite/2 + 2Nsite × 2Nsite/2 = 4Nsite distinct
physical states that can be produced by the projection.
Thus the projection produces all the states in the physi-
cal Hilbert space.
B. Physical properties of the spin- 1
2
1
2
model
Let us define a closed-string operator to be
W (Cclose) = Uˆi1i2Uˆi2i3 ...Uˆini1 (55)
i
j lk
y
y
x x
xx
y
y
y
xx
y
x x
y
y
FIG. 7: A particle can hop between different sites i, j,k, l.
where Cclose is an closed oriented string Cclose = i1 →
i2... → in → i1 formed by nearest neighbor links. Since
Cclose can intersect with itself, Cclose can also be viewed
as a closed string-net. We will also call W (Cclose) a
closed-string-net operator.
The closed-string-net operators act within the phys-
ical Hilbert space and commute with the Hamiltonian
Eq. (41). Thus there is a string-net condensation since
〈W (Cclose)〉 = ±1 in the ground state of Eq. (41). The
above strings correspond to the T3 string discussed in
section III C. Unlike the spin-1/2 model, we do not have
condensed T1 and T2 closed strings in the spin- 12
1
2 model.
We can also define open-string operators that act
within the physical Hilbert space
W (Copen) =λ
a
i1
Uˆi1i2Uˆi2i3 ...Uˆin−1inλ
b
in
W˜ (Copen) =ψ
†
i1
Uˆi1i2 Uˆi2i3 ...Uˆin−1inψin (56)
where Copen is an open oriented string Copen = i1 →
i2... → in formed by nearest neighbor links. W (C) cor-
respond to the open T3 string defined in section III C.
Just like the spin-1/2 model Eq. (30), the ends of such
strings correspond to gapped fermions (if |g| ≫ |t|). The
ends of W˜ strings only differ from the ends of W strings
by a local bosonic operator. Thus the ends of W˜ strings
are also fermions.
To really prove the ends of W˜ strings are fermions, we
need to show the hopping of the ends of W˜ strings satisfy
the fermion hopping algebra introduced in Ref. [14]:
tjltkjtji =− tjitkjtjl,
[tij , tkl] =0, if i, j, k, l are all different, (57)
where tji describes the hopping from site i to site j. It
was shown that the particles are fermions if their hopping
satisfy the algebra Eq. (57). We note that the ends of
the W˜ strings live on the sites. The labels i, j, ... in the
above equation correspond to lattice sites i, j, .... The
hops between sites i, j,k, l in Fig. 7 are given by
ti+a,i =ψ
†
i+aUˆi+a,iψi, a = ±x,±y (58)
Note that the hops between nearest neighbors are taken
from the Hamiltonian Eq. (41). Since Uˆij commute with
each other, the algebra of the above hopping operators
is just that of fermion hopping operators. In particular,
the above hopping operators satisfy the fermion hopping
algebra Eq. (57). Hence, the ends of the W˜ strings are
fermions.
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For each fixed configuration sij , there are 2
Nsite/2
different states (with even or odd numbers of total ψ
fermions). Their energy are given by the fermion hopping
Hamiltonian Eq. (43). Let E0({sij}) be the ground state
energy of Eq. (43). The ground state and the ground
state energy of our spin- 12
1
2 model Eq. (61) is obtained
by choosing a configuration sij that minimize E0({sij}).
We note that E0({sij}) is invariant under the Z2 gauge
transformation Eq. (53).
When g ≫ |t|, the ground state of Eq. (41) has Fˆi =
−1 which minimize the dominating g∑i Fˆi term. The
ground state configuration is given by
si,i+x = (−)iy , si,i+y = 1. (59)
The ψi fermion hopping Hamiltonian Eq. (43) for the
above configuration describes fermion hopping with π-
flux per plaquette. The fermion spectrum has a form
Ek = ±2
√
t2 sin2(kx) + t2 sin
2(ky). (60)
The low energy excitations of such a hopping Hamilto-
nian are described by two two-component massless Dirac
fermions in 2+1D. We see that the ends of the W˜ strings
are massless Dirac fermions.
Our model also contain Z2 gauge excitations. The Z2
vortices are created by flipping Fˆi = −1 to Fˆi = 1 in
some plaquettes. The Z2 vortex behaves like a π-flux to
the gapless fermions. Thus the gapless fermions carry a
unit Z2 charge. The low energy effective theory of our
model is massless Dirac fermions coupled to a Z2 gauge
field.
C. Projective symmetry and massless fermions
We know that symmetry breaking can produce and
protect gapless Nambu-Goldstone modes. In Ref. [9, 16],
it was proposed that, in addition to symmetry break-
ing, quantum order can also produce and protect gapless
excitations. The gapless excitations produced and pro-
tected by quantum order can be gapless gauge bosons
and/or gapless fermions. In this paper we show that
the quantum orders discussed in Ref. [9, 16] are due to
string-net condensations. Therefore, more precisely it is
string-net condensations that produce and protect gap-
less gauge bosons and/or gapless fermions. The string-
net condensations and gapless excitations are connected
in the following way. Let us consider a Hamiltonian that
has a symmetry described by a symmetry group SG.
We assume the ground state has a string-net conden-
sation. Then, the hopping Hamiltonian for the ends of
condensed string will be invariant under a larger group -
the projective symmetry group PSG, as discussed in sec-
tion IVB. PSG is an extension of the symmetry group
SG, ie PSG contain a normal subgroup IGG such that
PSG/IGG = SG. The relation between PSG and gap-
less gauge bosons is simple. Let G be the maximum
continuous subgroup of IGG. Then the gapless gauge
bosons are described by a gauge theory with G as the
gauge group.[9, 15] Some times the ends of strings are
fermions. However, the relation between gapless fermions
and PSG is more complicated. Through a case by case
study of some PSG’s[9, 16], we find that certain PSG’s
indeed guarantee the existence of gapless fermions.
In this section, we are going to study a large family
of exact soluble local bosonic models which depends on
many continuous parameters. The ground states of the
local bosonic models have a string-net condensation and
do not break any symmetry. We will show that the pro-
jective symmetry of the ends of condensed strings pro-
tects a massless fermion. As a result, our exact soluble
model always has massless fermion excitations regard-
less the value of the continuous parameters (as long as
they are within a certain range). This puts the results of
Ref. [9, 16], which were based on mean-field theory, on a
firmer ground.
The exact soluble local bosonic models are the spin- 12
1
2
model
H 1
2
1
2
=− g
∑
i
γyxi γ
x¯y
i+xγ
y¯x¯
i+x+yγ
xy¯
i+y
+
∑
i
(
tγ+,xi γ
−,x¯
i+x + tγ
+,y
i γ
−,y¯
i+y + h.c.
)
(61)
where γab and γ±,a are given in Eq. (48) and Eq. (47).
We will discuss a more general Hamiltonian later.
The Hamiltonian is not invariant under x → −x par-
ity Px. But it has a x → −x parity symmetry if
Px is followed by a spin rotation γ
x ↔ γx¯. That is
γPxPxH(γPxPx)
−1 = H with
γPx = γ
5 γ
x − γx¯√
2
(62)
Similarly for y → −y parity Py , we have
γPyPyH(γPyPy)
−1 = H with
γPy = γ
5 γ
y − γ y¯√
2
(63)
In the fermion representation γPx and γPy generate the
following transformations
γPx : λ
x
i ↔ λx¯i , ψi ↔ ψ†i ,
γPy : λ
y
i ↔ λy¯i , ψi ↔ ψ†i . (64)
Now let us study how the symmetries Tx,y and
γPx,yPx,y are realized in the hopping Hamiltonian
Eq. (43) for the ends of condensed strings. As discussed
in section IVB, the hopping Hamiltonian may not be
invariant under the symmetry transformations Tx,y and
γPx,yPx,y directly. The hopping Hamiltonian only has
a projective symmetry generated by a symmetry trans-
formation followed by a Z2 gauge transformation G(i).
Since the π-flux configuration does not break any sym-
metries, we expect the hopping Hamiltonian for the π-
flux configuration to be invariant under GxTx, GyTy,
GPxγPxPx, and GPyγPyPy, where Gx,y and GPx,y are the
corresponding gauge transformations. The action of Tx,y
15
and γPx,yPx,y on the ψ fermion are given by
Tx : ψ(ix,iy) → ψ(ix+1,iy),
Ty : ψ(ix,iy) → ψ(ix,iy+1),
γPxPx : ψ(ix,iy) ↔ ψ†(−ix,iy),
γPyPy : ψ(ix,iy) ↔ ψ†(ix,−iy). (65)
For the π-flux configuration Eq. (59), we need to choose
the following Gx,y and GPx,y in order for the combined
transformation Gx,yTx,y and GPx,yγPx,yPx,y to be the
symmetries of the hopping Hamiltonian Eq. (43)
Gx = 1, Gy =(−)ix ,
GPx = (−)ix , GPy =(−)iy . (66)
The hopping Hamiltonian is also invariant under a global
Z2 gauge transformation
G0 : ψi → −ψi (67)
The transformations {G0, Gx,yTx,y, GPx,yγPx,yPx,y} gen-
erate the PSG of the hopping Hamiltonian.
To show that the above PSG protects the masslessness
of the fermions, we consider a more general Hamiltonian
by adding
δH 1
2
1
2
=
∑
Cij
(
t(Cij)W˜ (Cij) + h.c
)
(68)
to H 1
2
1
2
, where Cij is an open string connecting site i and
site j and W˜ (Cij) is given in Eq. (56). The new Hamil-
tonian is still exactly soluble. We will choose t(Cij) such
that the new Hamiltonian has the translation symme-
tries and the Px,y parity symmetries. In the following,
we would like to show that the new Hamiltonian with
those symmetries always has massless Dirac fermion ex-
citations (assuming t(Cij) is not too big comparing to
g).
When t(Cij) is not too large, the ground state is still
described by the π-flux configuration. The new hopping
Hamiltonian for π-flux configuration has a more general
form
H =
∑
〈ij〉
(χijψ
†
iψj + h.c.) (69)
The symmetry of the physical spin- 12
1
2 Hamiltonian re-
quires that the above hopping Hamiltonian to be invari-
ant under the PSG discussed above. Such an invariance
will guarantee the existence of massless fermions.
The invariance under GxTx and GyTy require that
χi,i+m = (−)iymxχm (70)
In the momentum space,
χ(k1,k2) ≡N−1site
∑
ij
e−ik1·i+ik2·jχij
=ǫ0(k2)δk1−k2 + ǫ1(k2)δk1−k2+Qy (71)
where
ǫ0(k) =
∑
mx=even
eik·mχm,
ǫ1(k) =
∑
mx=odd
eik·mχm. (72)
We note that ǫ0(k) and ǫ1(k) are periodic function in the
Brillouin zone. They also satisfy
ǫ0(k) = ǫ0(k +Qx), ǫ1(k) = −ǫ1(k +Qx). (73)
where Qx = πx and Qy = πy. In the momentum space,
we can rewrite H as
H =
∑
k
Ψ†kΓ(k)Ψk (74)
where ΨTk = (ψk, ψk+Qy ). The sum
∑
k is over the re-
duced Brillouin zone: −π < kx < π and −π/2 < ky <
π/2. Γ(k) has a form
Γ(k) =
(
ǫ0(k) ǫ1(k +Qy)
ǫ1(k) ǫ0(k +Qy)
)
(75)
Note that the transformationγPx : ψ ↔ ψ† changes∑
χijψ
†
iψj to
∑
χ˜ijψ
†
iψj with χ˜ij = −χji. Thus the
invariance under GPxγPxPx requires that
−χPxj,Pxi = GPx(i)χijGPx(j) (76)
or
χ−Pxm = −(−)mxmy+mxχm (77)
In the momentum space, the above becomes
ǫ0(Pyk) =− ǫ0(k)
ǫ1(Pyk) =ǫ1(k +Qy) (78)
Similarly, the invariance under GPyγPyPy requires that
−χPyj,Pyi = GPy (i)χijGPy (j) (79)
or
χ−Pym = −(−)mxmy+myχm (80)
In the momentum space
ǫ0(Pxk) =− ǫ0(k +Qy)
ǫ1(Pxk) =− ǫ1(k) (81)
We see that the translation Tx,y and x → −x parity
γPxPx symmetries of the spin-
1
2
1
2 Hamiltonian require
that ǫ0(k) = −ǫ0(Pyk) and hence ǫ0(k)|ky=0 = 0. Sim-
ilarly, the translation Tx,y and y → −y parity γPyPy
symmetries require that ǫ1(k)|kx=0 = 0. Thus Tx,y and
γPx,yPx,y symmetries require that Γ(k)|k=0 = 0. Using
Eq. (73), we find that Γ(0) = 0 implies that Γ(Qx) = 0.
The spin- 12
1
2 Hamiltonian Eq. (61) has (at least) two two-
component massless Dirac fermions if it has two trans-
lation Tx,y and two parity γPx,yPx,y symmetries. We
see that string-net condensation and the associated pro-
jective symmetry produce and protect massless Dirac
fermions.
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VI. MASSLESS FERMIONS AND STRING-NET
CONDENSATION ON CUBIC LATTICE
The above calculation and the 2D model can be gen-
eralized to 3D cubic lattice. We introduce six Majorana
fermions λai , where a = x, x¯, y, y¯, z, z¯. One set of com-
muting operators on square lattice has a form
Uˆi,i+x =− iλxi λx¯i+x
Uˆi,i+y =− iλyiλy¯i+y
Uˆi,i+z =− iλziλz¯i+z
Uˆ †i,j =Uˆj,i (82)
Using Uˆi,j and a complex fermion ψi, we can construct
an exact soluble interacting Hamiltonian on cubic lattice
H 1
2
1
2
1
2
=g
∑
p
Fˆp + t
∑
i
∑
a=x,y,z
(
iUˆi,i+aψ
†
iψi+a + h.c.
)
,
Fˆp =Uˆi1,i2Uˆi2,i3Uˆi3,i4 Uˆi4,i1 (83)
where
∑
p sum over all the square faces of the cubic lat-
tice. i1, i2, i3, and i4 label the four corners of the square
p. The Hilbert space of system is generated by complex
fermion operators ψi and
2ψ1,i =λ
x
i + iλ
x¯
i
2ψ2,i =λ
y
i + iλ
y¯
i
2ψ3,i =λ
z
i + iλ
z¯
i (84)
and there are 16 states per site.
A physical Hilbert space is defined as a subspace with
even numbers of fermions per site. The physical Hilbert
space has 8 states per site. When restricted in the phys-
ical Hilbert space, H 1
2
1
2
1
2
defines our spin- 12
1
2
1
2 system,
which is a local bosonic system.
When g ≫ |t|, our spin- 12 12 12 model has two four-
component massless Dirac fermions as its low lying exci-
tations. The model also has a Z2 gauge excitations and
the massless Dirac fermions carry unit Z2 gauge charge.
Again, the model has a string-net condensation in its
ground state. Both the Z2 gauge excitation and the mass-
less fermion are produced and protected by the string-net
condensation and the associated PSG.
VII. ARTIFICIAL LIGHT AND ARTIFICIAL
MASSLESS ELECTRON ON CUBIC LATTICE
In this section, we are going to combine the above 3D
model and the rotor model discussed in Ref. [44] and
Ref. [13] to obtain a quasi-exact soluble local bosonic
model that contains massless Dirac fermions coupled to
massless U(1) gauge bosons.
A. 3D rotor model and artificial light
A rotor is described by an angular variable θˆ. The
angular momentum of θˆ, denoted as Sz, is quantized as
integers. The 3D rotor model under consideration has
one rotor on every link of a cubic lattice. We use ij
to label the nearest neighbor links. ij and ji label the
same links. For convenience, we will define θˆij = −θˆji
and Szij = −Szji. The 3D rotor Hamiltonian has a form
Hrotor = U
∑
i
(∑
a
Szi,i+a
)2
+
1
2
J
∑
i,a
(Szi,i+a)
2
+ g1
∑
p
cos(θˆi1i2 + θˆi2i3 + θˆi3i4 + θˆi4i1) (85)
Here i = (ix, iy, iz) label the sites of the cubic lattice,
and a = ±x,±y,±z. The ∑p sum over all the square
faces of the cubic lattice. i1, i2, i3, and i4 label the four
corners of the square p.
When J = g1 = 0 and U > 0, the state with all S
z
ij = 0
is a ground state. Such a state will be regarded as a state
with no strings. We can create a string or a string-net
from the no-string state using the following string (or
string-net) operator
WU(1)(C) =
∏
C
eiθˆij (86)
where C is a string (or a string-net) formed by the nearest
neighbor links, and
∏
C is a product over all the nearest
neighbor links ij on the string (or string-net). Since the
closed-string-net operator WU(1)(Cclose) commute with
Hrotor when J = g1 = 0, WU(1)(Cclose) generate a large
set of degenerate ground states. The degenerate ground
states are described by closed string-nets.
There is another way to generate the degenerate
ground states. We note that all the degenerate ground
states satisfy
∑
a S
z
i,i+a = 0. Let |{θij}〉 be the common
eigenstate of θˆij : θˆij |{θij}〉 = θij |{θij}〉. Then the pro-
jection into
∑
a S
z
i,i+a = 0 subspace: P|{θij}〉 give us a
degenerate ground state. We note that
ei
∑
i
φi
∑
a
Szi,i+a (87)
generate a U(1) gauge transformation |{θij}〉 → |{θ˜ij}〉,
where
θ˜ij = θij + φi − φj (88)
Thus two U(1) gauge equivalent configurations θij and
θ˜ij give rise to the same projected state
P|{θij}〉 = P|{θ˜ij}〉 (89)
We find that the degenerate ground states are described
by U(1) gauge equivalent classes of θij . The degenerate
ground states also have a U(1) gauge structure.
When J = 0 but g1 6= 0, the degeneracy in the
ground states are lifted. One can show that, in this
case, P|{θij}〉 is an energy eigenstate with an energy
g1
∑
p cos(θi1i2 + θi2i3 + θi3i4 + θi4i1). Clearly two U(1)
gauge equivalent configurations θij and θ˜ij have the same
energy. The non-zero g1 makes the closed string-nets to
fluctuate and vanishing J means that the strings in the
17
string-nets have no tension. Thus J = 0 ground state has
strong fluctuations of large closed string-nets, and the
ground state has a closed-string-net condensation.[13]
When J 6= 0, P|{θij}〉 is no longer an eigenstate. The
fluctuations of θij describe a dynamical U(1) gauge the-
ory with θij as the gauge potential.[15, 44]
B. (Quasi-)exact soluble QED on cubic lattice
To obtain massless Dirac fermions and U(1) gauge
bosons from a local bosonic model, we mix the spin- 12
1
2
1
2
model and the rotor model to get
HQED = U
∑
i
(
ψ†iψi +
∑
a
Szi,i+a
)2
+
J
2
∑
i,a
(Szi,i+a)
2
+ g1
∑
p
cos(Φˆp) + g
∑
p
Fˆp (90)
+ t
∑
i
∑
a=x,y,z
(
ieiθˆij Uˆi,i+aψ
†
iψi+a + h.c.
)
where Φˆp = θˆi1i2 + θˆi2i3 + θˆi3i4 + θˆi4i1 . If we restrict
ourselves within the physical Hilbert space with even
numbers of fermions per site, the above model is a lo-
cal bosonic model.
Let us first set J = 0. In this case, the above model
can be solved exactly. First let us also set U = 0. In this
case θˆij and Uˆij commute with HQED and commute with
each other. Let |{θij , sij}, n〉 be the common eigenstates
of θˆij and ˆˆUij , where n = 1, 2, ..., 2
Nsite labels different
degenerate common eigenstates. Within the subspace
expanded by |{θij , sij}, n〉 , n = 1, 2, ..., 2Nsite, theHQED
reduces to
Hhop =g1
∑
p
cos(Φp) + g
∑
p
fp (91)
+ t
∑
i
∑
a=x,y,z
(
ieiθijsi,i+aψ
†
iψi+a + h.c.
)
which is a free fermion hopping model. Let
|{θij , sij},Ψn〉 be the many-fermion eigenstate of the
above fermion hopping model and let E({θij , sij}, n) be
its energy. Then |{θij), sij},Ψn〉 is also an eigenstate of
HQED|J=0,U=0 with energy E({θij , sij}, n).
We note that
Nˆi = ψ
†
iψi +
∑
a
Szi,i+a (92)
commute with each other and commute with HQED.
Thus the eigenstates of HQED|J=0 can be obtained from
the eigenstates of HQED|J=0,U=0 by projecting into the
subspace with Nˆi = Ni:
P{Ni}|{θij , sij},Ψn〉 (93)
The above state is an eigenstate of HQED|J=0 with an
energy
U
∑
i
Ni + E({θij , sij}, n). (94)
Eq. (93) and Eq. (94) are our exact solution of
HQED|J=0. (We have implicitly assumed that P{Ni} also
perform the projection into the physical Hilbert space of
even numbers of fermions per site.)
When U is positive and large, the low energy excita-
tions only appear in the sector Ni = 0. Those low energy
eigenstates are given by P|{θij , sij},Ψn〉 where P is the
projection into theNi = 0 subspace and the even-fermion
subspace. Their energy is E({θij , sij}, n).
Let us further assume that −g1 ≫ |t| and g ≫ |t|. In
this limit, the ground state have fp = −1 and Φp = 0.
We can choose
θi,i+a =0, a = x,y, z
si,i+x =1,
si,i+y =(−)ix ,
si,i+z =(−)ix+iy (95)
to describe such a configuration. For such a con-
figuration, Eq. (91) describes a staggered fermion
Hamiltonian.[24, 49, 50] The ground state wave func-
tion P|{θij , sij},Ψ0〉 is an eigenstate of the U(1) closed-
string-net operator WU(1)(Cclose) with eigenvalue 1. It
is also a eigenstate of the Z2 closed-string-net operator
W (Cclose) with eigenvalue (−)Np where Np is the number
of the square plaquettes enclosed by Cclose. We see that
there is a condensation of closed U(1) and Z2 string-nets
in the J = 0 ground state. In such a string-net condensed
state, there are gapless fermionic excitations, which are
described by fermion-hopping in π-flux phase.
In the momentum space, the fermion hopping Hamil-
tonian Eq. (91) for the π-flux configuration has a form
Hhop =
∑
k
′
Ψ†a,kΓ(k)Ψa,k +Const. (96)
where
ΨTa,k =(ψa,k, ψa,k+Qx , ψa,k+Qy , ψa,k+Qx+Qy ),
Γ(k) =2t(sin(kx)Γ1 + sin(ky)Γ2 + sin(kz)Γ3)
and Γ1 = τ
3 ⊗ τ0, Γ2 = τ1 ⊗ τ3, and Γ3 = τ1 ⊗ τ1. Here
τ1,2,3 are the Pauli matrices and τ0 is the 2 by 2 identity
matrix. The momentum summation
∑′
k is over a range
kx ∈ (−π/2, π/2), ky ∈ (−π/2, π/2), and kz ∈ (−π, π).
Since {Γi,Γj} = 2δij , i, j = 1, 2, 3, we find the fermions
have a dispersion
E(k) = ±2t
√
sin2(kx) + sin
2(ky) + sin
2(kz) (97)
We see that the dispersion has two nodes at k = 0 and
k = (0, 0, π). Thus, Eq. (91) will give rise to 2 massless
four-component Dirac fermions in the continuum limit.
After including the U(1) gauge fluctuations described
by θij and the Z2 gauge fluctuations described by sij , the
massless Dirac fermions interact with the U(1) and the
Z2 gauge fields as fermions with unit charge. Therefore
the total low energy effective theory of our model is a
QED with 2 families of Dirac fermions of unit charge
(plus an extra Z2 gauge filed). We will call those fermions
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artificial electrons. The continuum effective theory has a
form
L =ψ¯ID0γ0ψI + vf ψ¯IDiγiψI
+
C
Jl0
E2 − l0g1B2 + ... (98)
where l0 is the lattice constant, I = 1, 2, D0 = ∂t + ia0,
Di = ∂i + iai|i=1,2,3, vf = 2l0t, γµ|µ=0,1,2,3 are 4 × 4
Dirac matrices, and ψ¯I = ψ
†
Iγ
0.
We like to pointed out the constant C is Eq. (98) is of
order 1. Thus the coefficient of the E2 term CJl0 → ∞
when J = 0. For a finite J , the U(1) gauge field will
have a non-trivial dynamics. We also like to point out
that, without fine tuning, the speed of artificial light,
ca ∼ l0
√
Jg1, and the speed of artificial electrons, vf , do
not have to be the same in our model. Thus the Lorentz
symmetry is not guaranteed.
We would like to remark that, for finite J , the U(1)
closed-string operators no longer condense. A necessary
(but not sufficient) condition for closed strings to con-
dense is that the ground state expectation value of the
closed-string operator satisfy the perimeter law
〈WU(1)(Cclose)〉 = Ae−LC/ξ (99)
where LC is the length of the closed string and (A, ξ)
are constants for large closed strings. We note that the
closed-string operators are the Wilson loop operator of
the U(1) gauge field. If the 3+1D U(1) gauge theory is
in the Coulomb phase where the artificial light is gapless,
it was found that[18]
〈W (Cclose)〉 = A(C)e−LC/ξ (100)
where A(C) depend on the shape of the closed string
Cclose even in the large-string limit. Thus the closed
strings in our model do not exactly condense. The U(1)
Coulomb phase is, in some sense, similar to the algebraic-
long-range order phase of 1+1D interacting boson model
where the bosons do not exactly condense but the boson
operator has an algebraic-long-range correlation.
C. Emerging chiral symmetry from PSG
Eq. (98) describes the low energy dynamics of the ends
of open strings (the fermion ψ) and the “condensed”
closed string-nets (the U(1) gauge field). The fermions
and gauge boson are massless and interact with each
other. Here we would like to address an important ques-
tion: after integrating out high energy fermions and
gauge fluctuations, do fermions and gauge boson remain
to be massless? In general, interaction between massless
excitations will generate a mass term for them, unless
the masslessness is protected by symmetry or some other
things. We know that due to the U(1) gauge invariance,
the radiative corrections cannot generate counter term
that break the U(1) gauge invariance. Thus radiative
corrections cannot generate mass for the U(1) gauge bo-
son. For the fermions, if the theory has a chiral symmetry
ψI → eiθγ5ψI , γ5 = γ0γ1γ2γ3, then the radiative correc-
tions cannot generate counter terms that break the chiral
symmetry and thus cannot generate mass for fermions.
Although the low energy effective theory Eq. (98) ap-
pears to have the chiral symmetry, in fact it does not.
This is because that Eq. (98) is derived from a lattice
model. It contains many other higher order terms sum-
marized by the ... in Eq. (98). Those higher order terms
do not have the chiral symmetry. To see this, we note
that the action of γ5 on Ψa,k is realized by a 4 by 4
matrix γ5 ∝ Γ1Γ2Γ3 ∝ τ3 ⊗ τ2. We also note that the
periodic boundary conditions of Ψa,k in the reduced Bril-
louin zone are given by
Ψa,k+Qx = τ
1⊗τ0Ψa,k, Ψa,k+Qy = τ0⊗τ1Ψa,k, (101)
We find that the action of γ5 is incompatible with the
periodic boundary conditions since γ5 does not commute
with τ1⊗ τ0 and τ0⊗ τ1. Therefore the chiral symmetry
generated by γ5 cannot be realized on lattice. Due to
the lack of chiral symmetry, it appears that the radiative
corrections can generate a mass term
δL = ψ¯I,amψI,a (102)
which is allowed by the symmetry.
The lack of chiral symmetry on lattice makes it very
difficult to study massless fermions/quarks in lattice
gauge theory. In last a few years, this problem was solved
using the Ginsparg-Wilson relation.[51–54] In the follow-
ing, we would like to show that there is another way
to solve the massless-fermion/chiral-symmetry problem.
We will show that our model has an emerging chiral sym-
metry that appear only at low energies. The low energy
chiral symmetry comes from the non-trivial quantum or-
der and the associated PSG in the string-net condensed
ground state.[9, 15, 16] The Dirac operator in our model
satisfies a linear relation
WDW † = D, W ∈ PSG (103)
in contrast to the non-linear Ginsparg-Wilson relation
Dγ5 + γ5D = aDγ5D (104)
Because of the low energy chiral symmetry, all the 2 fam-
ilies of Dirac fermions remain massless even after we in-
clude the radiative corrections from the interaction with
the U(1) gauge bosons.
To see how the string-net condensation and the related
PSG protect the massless fermions, we follow closely the
discussion in section VC. The Hamiltonian Eq. (90) is a
mixture of the rotor model and the spin- 12
1
2
1
2 model. The
symmetry properties of the rotor part is simple. Here,
we will concentrate on the spin- 12
1
2
1
2 part. Eq. (90) is
not invariant under the six parity transformations: Px,y,z
and Pxy,yz,zx that generate x ↔ −x, y ↔ −y, z ↔ −z,
x↔ y, y ↔ z, and z ↔ x. But it is invariant under par-
ity Px,y,z and Pxy,yz,zx followed by spin rotations γPx,y,z
and γPxy,yz,zx respectively. In the fermion representation
γPx,y,z and γPxy,yz,zx generate the following transforma-
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tions
γPx : λ
x
i ↔ λx¯i , ψi ↔ ψ†i ,
γPy : λ
y
i ↔ λy¯i , ψi ↔ ψ†i ,
γPz : λ
z
i ↔ λz¯i , ψi ↔ ψ†i ,
γPxy : λ
x
i ↔ λyi , λx¯i ↔ λy¯i ,
γPyz : λ
y
i ↔ λzi , λy¯i ↔ λz¯i ,
γPzx : λ
z
i ↔ λxi , λz¯i ↔ λx¯i , (105)
The symmetries Tx,y, γPx,y,zPx,y,z, and
γPxy,yz,zxPxy,yz,zx are realized in the hopping Hamilto-
nian Eq. (91) through PSG. The hopping Hamiltonian
is invariant only under the symmetry transformations
followed by proper Z2 gauge transformations G(i).
Since the π-flux configuration sij of the spin-
1
2
1
2
1
2 sector
and the zero-flux configuration θij of the rotor sector
do not break any symmetries, we expect the hopping
Hamiltonian Eq. (91) to be invariant under Gx,y,zTx,y,z,
GPx,y,zγPx,y,zPx,y,z, and GPxy,yz,zxγPxy,yz,zxPxy,yz,zx.
The action of Tx,y and γPxy,yz,zxPxy,yz,zx on the ψ
fermion are standard coordinate transformations. The
action of γPx,y,zPx,y,z on the ψ fermion are given by
γPxPx : ψ(ix,iy,iz) ↔ ψ†(−ix,iy,iz),
γPyPy : ψ(ix,iy,iz) ↔ ψ†(ix,−iy,iz).
γPyPy : ψ(ix,iy,iz) ↔ ψ†(ix,iy,−iz). (106)
For the π-flux configuration Eq. (95), we need to choose
the following Gx,y,z, GPx,y,z , and GPxy,yz,zx in order for
the combined transformation Gx,yTx,y, GPx,yγPx,yPx,y,
and GPxy,yz,zxγPxy,yz,zxPxy,yz,zx to be the symmetries of
the hopping Hamiltonian Eq. (91)
Gx =(−)iy+iz , Gy =(−)iz , Gz =1 (107)
GPx =(−)ix , GPy =(−)iy , GPz =(−)iz ,
GPxy =(−)ixiy , GPyz =(−)iyiz , GPzx =(−)ixiy+iyiz+izix .
The hopping Hamiltonian is also invariant under a global
Z2 gauge transformation
G0 : ψi → −ψi (108)
The transformations {Gx,y,zTx,y,z, GPx,y,zγPx,y,zPx,y,z,
GPxy,yz,zxγPxy,yz,zxPxy,yz,zx, G0} generate a PSG (a part
of the full PSG) of the hopping Hamiltonian.
To study the robustness of massless fermions, we con-
sider a more general Hamiltonian by adding
δH =
∑
Cij
(
t(Cij)W˜U(1)(Cij) + h.c
)
(109)
to HQED, where Cij is an open string connecting site i
and site j and W˜U(1)(Cij) an open-string operator
W˜U(1)(Copen) =ψ
†
i1
eiθi1i2 Uˆi1i2 ...e
iθin−1in Uˆin−1inψin
(110)
The new Hamiltonian is still exactly soluble, when J = 0.
We will choose t(Cij) such that the new Hamiltonian has
the translation symmetries and the Px,y,z parity sym-
metries. We find that the resulting projective symme-
try imposes enough constraint on the hopping Hamil-
tonian for the ends of condensed strings such that the
Hamiltonian always has massless Dirac fermions (assum-
ing t(Cij) is not too big comparing to g and g1). Despite
the PSG transformations GPxy,yz,zxγPxy,yz,zxPxy,yz,zx are
not needed for the existence of the massless fermions, we
will still include them in the following discussion.
For small t(Cij), the ground state is still described by
the π-flux configuration. The new hopping Hamiltonian
for π-flux configuration has a more general form
H =
∑
〈ij〉
(χijψ
†
iψj + h.c.) (111)
The symmetry of the generalized HQED requires that
the above hopping Hamiltonian to be invariant under the
PSG generated by {G0, Gx,y,zTx,y,z, GPx,y,zγPx,y,zPx,y,z,
GPxy,yz,zxγPxy,yz,zxPxy,yz,zx}.
The invariance under Gx,y,zTx,y,z require that
χi,i+m = (−)iymz(−)ix(my+mz)χm (112)
In the momentum space,
χ(k1,k2) ≡N−1site
∑
ij
e−ik1·i+ik2·jχij
=
∑
α,β=0,1
ǫαβ(k2)δk1−k2+αQx+βQy (113)
where
ǫ00(k) =
∑
my+mz=even,mz=even
eik·mχm,
ǫ10(k) =
∑
my+mz=odd,mz=even
eik·mχm,
ǫ01(k) =
∑
my+mz=even,mz=odd
eik·mχm,
ǫ11(k) =
∑
my+mz=odd,mz=odd
eik·mχm. (114)
We note that ǫαβ(k) are periodic function in the lattice
Brillouin zone −π < kx,y,z < π. They also satisfy
ǫαβ(k) = (−)αǫαβ(k+Qy+Qz), ǫαβ(k) = (−)βǫαβ(k+Qz).
(115)
The Γ(k) in Eq. (96) now has a form
Γ(k) = (116)

ǫ00(k) ǫ10(k +Qx) ǫ01(k +Qy) ǫ11(k +Qx +Qy)
ǫ10(k) ǫ00(k +Qx) ǫ11(k +Qy) ǫ01(k +Qx +Qy)
ǫ01(k) ǫ11(k +Qx) ǫ00(k +Qy) ǫ10(k +Qx +Qy)
ǫ11(k) ǫ01(k +Qx) ǫ10(k +Qy) ǫ00(k +Qx +Qy)


Just as discussed in section VC, the invariance under
GPxγPxPx requires that
−χPxj,Pxi = GPx(i)χijGPx(j) (117)
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or
χ−Pxm = −(−)mxmy+mymz+mzmx(−)mxχm (118)
In the momentum space, the above becomes
ǫ00(−Pxk) =− ǫ00(k +Qx),
ǫ10(−Pxk) =− ǫ10(k),
ǫ01(−Pxk) =ǫ01(k +Qx),
ǫ11(−Pxk) =− ǫ11(k). (119)
where Qz = πz. Similarly, the invariance under
GPyγPyPy requires that
χ−Pym = −(−)mxmy+mymz+mzmx(−)myχm (120)
In the momentum space
ǫ00(−Pyk) =− ǫ00(k),
ǫ10(−Pyk) =ǫ10(k +Qx),
ǫ01(−Pyk) =− ǫ01(k),
ǫ11(−Pyk) =− ǫ11(k +Qx). (121)
The invariance under GPzγPzPz requires that
χ−Pzm = −(−)mxmy+mymz+mzmx(−)mzχm (122)
In the momentum space
ǫ00(−Pzk) =− ǫ00(k),
ǫ10(−Pzk) =− ǫ10(k +Qx),
ǫ01(−Pzk) =− ǫ01(k),
ǫ11(−Pzk) =ǫ11(k +Qx). (123)
The invariance under GPxyγPxyPxy requires that
χPxyi,Pxyj = GPxy (i)χijGPxy (j) (124)
or
χPxym = (−)mxmyχm (125)
In the momentum space
ǫ00(Pxyk) =ǫ00(k),
ǫ10(Pxyk) =ǫ10(k +Qx),
ǫ01(Pxyk) =ǫ01(k +Qx),
ǫ11(Pxyk) =ǫ11(k). (126)
The invariance under GPyzγPyzPyz requires that
χPyzm = (−)mymzχm (127)
or
ǫ00(Pyzk) =ǫ00(k),
ǫ10(Pyzk) =− ǫ10(k),
ǫ01(Pyzk) =− ǫ01(k),
ǫ11(Pyzk) =ǫ11(k). (128)
The invariance under GPzxγPzxPzx requires that
χPzxm = (−)mxmy+mymz+mzmxχm (129)
or
ǫ00(Pzxk) =ǫ00(k),
ǫ10(Pzxk) =ǫ10(k +Qx),
ǫ01(Pzxk) =− ǫ01(k),
ǫ11(Pzxk) =ǫ11(k +Qx). (130)
We see that Eq. (119) require that ǫ10(k)|ky=kz=0 =
0 and ǫ11(k)|ky=kz=0 = 0. Eq. (123) require that
ǫ00(k)|kx=ky=0 = 0 and ǫ01(k)|kx=ky=0 = 0. Thus the
ǫαβ(0) = 0. When combined with Eq. (115), Eq. (119),
and Eq. (123), we find
ǫαβ(αxQx+αyQy+αzQz) = 0, αx, αy, αz = 0, 1 (131)
Therefore Γ(k) = 0 when k = 0,Qz. The two transla-
tion Tx,y and the three parity γPx,y,zPx,y,z symmetries
of HQED guarantee the existence of at least 2 four-
component massless Dirac fermions. Or more precisely,
no symmetric local perturbations in the local bosonic
model HQED can generate mass terms for the two mass-
less Dirac fermions in the unperturbed Hamiltonian.
Since the mass term in the continuum effective field
theory is not allowed by the underlying lattice PSG, we
say that our model has an emerging chiral symmetry.
The masslessness of the Dirac fermion is protected by
the quantum order and the associated PSG.
VIII. QED AND QCD FROM A BOSONIC
MODEL ON CUBIC LATTICE
In this section, we are going to generalize the results
in Ref. [55] and Ref. [15] and use a bosonic model on
cubic lattice to generate QED and QCD with 2Nf fam-
ilies of massless quarks and leptons. To describe the
local Hilbert space on site i in our bosonic model, it
is convenient to introduce fermions λai and ψ
nα
i , where
a = 1, ..., Nf , n = 1, ..., 2Nf and α = 1, 2, 3. λ
a
i is in the
fundamental representation of a SU(Nf ) group. ψ
nα
i is
in the fundamental representation of a SU(3) color group
and a SU(2Nf) group. The Hilbert space of fermions is
bigger than the Hilbert space of our boson model. Only a
physical subspace of the fermions Hilbert space becomes
the Hilbert space of our boson model. The physical states
on each site is formed by color singlet states that satisfy
(
λa†i λ
a
i δ
αβ + ψnα†i ψ
nβ
i − δαβ
3
2
Nf
)
|Φphys〉 = 0 (132)
where Nf is assumed to be even. Once restricted within
the physical Hilbert space, the fermion model becomes
our local bosonic model.
In the fermion representation, the local physical oper-
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ators in our bosonic model are given by
Smni =ψ
mα†
i ψ
nα
i −
1
2Nf
δmnψlα†i ψ
lα
i
Mabi =λ
a†
i λ
b
i −
1
Nf
δabλc†i λ
c
i
Γa,lmni =λ
a†
i ψ
lα
i ψ
mβ
i ψ
nγ
i ǫαβγ (133)
We note that by definition Maai = S
nn
i = 0. The Hamil-
tonian of our boson model is given by
H =
J1
Nf
∑
〈ij〉
Smni S
nm
j +
J2
Nf
∑
〈ij〉
Mabi M
ba
j
+
J3
N3f
∑
〈ij〉
[Γa,lmni Γ
a,lmn†
j + h.c.] (134)
Let us assume, for the time being, J3 = 0. In terms of
fermions, the above Hamiltonian can be rewritten as
H =− J1
Nf
∑
〈ij〉
ψnβj ψ
nα†
i ψ
mα
i ψ
mβ†
j −
J2
Nf
∑
〈ij〉
λajλ
a†
i λ
b
iλ
b†
j
+Const. (135)
Using path integral, we can rewrite the above model as
Z =
∫
D(ψ†)D(ψ)D(a0)D(u)D(χ)ei
∫
dtL
L =ψn†i i[∂t + ia0(i)]ψ
n
i −
∑
〈ij〉
(ψn†i uijψ
n
j + h.c.)
+ λa†i i[∂t + iTra0(i)]λ
a
i −
∑
〈ij〉
(λa†i χijλ
a
j + h.c.)
− Nf
J1
∑
〈ij〉
Tr(uiju
†
ij)−
Nf
J2
∑
〈ij〉
χijχ
†
ij (136)
where (ψni )
T = (ψn,1i , ψ
n,2
i , ψ
n,3
i ), and a0(i) and uij are
3× 3 complex matrices that satisfy
u†ij = uji, a0(i) = a
†
0(i) (137)
When J3 6= 0, the Lagrangian may contain terms that
mix χij and uij :
L =ψn†i i[∂t + ia0(i)]ψ
n
i −
∑
〈ij〉
(ψn†i uijψ
n
j + h.c.)
+ λa†i i[∂t + iTra0(i)]λ
a
i −
∑
〈ij〉
(λa†i χijλ
a
j + h.c.)
− Nf
J1
∑
〈ij〉
Tr(uiju
†
ij)−
Nf
J2
∑
〈ij〉
χijχ
†
ij
+ CNf
∑
〈ij〉
[χij det(uji) + h.c.] (138)
where C is a O(1) constant. We note that the above
Lagrangian describes a U(1)×SU(3) lattice gauge theory
coupled to fermions.
The field a0(i) in the Lagrangian is introduced to en-
force the constraint
ψnα†i ψ
nβ
i − ψnβi ψnα†i + λa†i λai δαβ − λaiλa†i δαβ = 0 (139)
As in standard gauge theory, the above constraint really
means a constraint on physical states. ie all physical
states must satisfy(
λa†i λ
a
i δ
αβ + ψnα†i ψ
nβ
i − δαβ
3
2
Nf
)
|Φphys〉 = 0 (140)
The above is the needed constraint to obtain the Hilbert
space of our bosonic model.
Here we would like to stress that writing a bosonic
model in terms of gauge theory does not imply the ex-
istence physical gauge bosons at low energy. Using pro-
jective construction, we can write any model in terms
of a gauge theory of any gauge group.[28, 56] The exis-
tence of low energy gauge fluctuations is a property of
ground state. It has nothing to do with how we write the
Hamiltonian in terms of this or that gauge theory.
Certainly, if the ground state is known to have certain
gauge fluctuations, then writing Hamiltonian in term of
a particular gauge theory that happen to have the same
gauge group will help us to derive the low energy effective
theory. Even when we do not know the low energy gauge
fluctuations in the ground state, we can still try to write
the Hamiltonian in a form that contains certain gauge
theory and try to derive the low energy effective gauge
theory. Most of the times, we find the gauge fluctuations
in the low energy effective theory is so strong that the
gauge theory is in the confining phase. This indicates
that we have chosen a wrong form of Hamiltonian. How-
ever, if we are lucky to choose the right form of Hamilto-
nian with right gauge group, then the gauge fluctuations
in the low energy effective theory will be weak and the
gauge fields a0, χij and uij will be almost like classical
fields. In this case, we can say that the ground state of
the Hamiltonian contains low energy gauge fluctuations
described by a0, χij and uij . In the following, we will
show that the U(1) × SU(3) fermion model Eq. (136) is
the right form for us to write the Hamiltonian Eq. (134)
of our bosonic model.
After integrating out the fermions, we obtain the fol-
lowing effective theory for a0(i), χij and uij
Z =
∫
D(a0)D(u)ei
∫
dtNf L˜eff (u,a0) (141)
where L˜eff does not depend on Nf . We see that, in the
large Nf limit, χij , uij and a0 indeed becomes classical
fields with weak fluctuations.
In the semi-classical limit, the ground state of the sys-
tem is given by the ansatz (χ¯ij , u¯ij , a¯0(i)) that minimize
the energy −L˜eff . We will assume that such an ansatz
have π flux on every plaquette and takes a form
χ¯i,i+xˆ =− iχ, χ¯i,i+yˆ =− i(−)ixχ,
χ¯i,i+zˆ =− i(−)ix+iyχ,
u¯i,i+xˆ =− iu, u¯i,i+yˆ =− i(−)ixu,
u¯i,i+zˆ =− i(−)ix+iyu, a0(i) =0. (142)
(If the π-flux ansatz does not minimize the energy, we
can always modify the Hamiltonian of our bosonic model
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to make the π-flux ansatz to have the minimal energy.)
Despite the i dependence, the above ansatz actually de-
scribe translation, rotation, parity, and charge conjuga-
tion symmetric states. This is because the symmetry
transformed ansatz, although not equal to the original
ansatz, is gauge equivalent to the original ansatz.
The mean-field Hamiltonian for fermions has a form
H =
∑
〈ij〉
(ψn†i u¯ijψ
n
j + λ
a†
i χ¯ijλ
a
j + h.c.) (143)
The fermion dispersion has two nodes at k = 0 and
k = (0, 0, π). Thus there are 2Nf × 7 massless four-
component Dirac fermions in the continuum limit. They
correspond to quarks and leptons of 2Nf different fami-
lies. Each family contains six quarks (two flavors times
three colors) that carry SU(3) colors and charge 1/3 for
the U(1) gauge field, and one lepton that carry no SU(3)
colors and charge 1 for the U(1) gauge field.
Including the collective fluctuations of the ansatz, the
U(1)× SU(3) = U(3) fermion theory has a form
L =
∑
i
ψn†i i(∂t + ia0(i))ψ
n
j +
∑
ij
ψn†i u¯ije
iaijψnj
+
∑
i
λa†i i(∂t + iTra0(i))λ
a
j +
∑
ij
λa†i χ¯ij det(e
iaij )λaj
(144)
where aij are 3 × 3 hermitian matrices, describing U(1)
and SU(3) gauge fields. In the continuum limit, the
above becomes
L =ψ¯I,nD0γ0ψI,n + vf ψ¯I,nDiγiψI,n
+ λ¯I,aD
′
0γ
0λI,a + v
′
f λ¯I,aD
′
iγ
iλI,a (145)
with vf ∼ l0J1, v′f ∼ l0J2, Dµ = ∂µ + iaµ, D′µ = ∂µ +
iTraµ, I = 1, 2, and γ
µ are 4 × 4 Dirac matrices.[24, 49,
50] λI,a and ψI,n are Dirac fermion fields. ψI,n form a
fundamental representation of color SU(3).
If we integrate out a0 and aij in Eq. (144) first, we will
recover the bosonic model Eq. (134). If we integrating
out the high energy fermions first, the U(1)×SU(3) gauge
field aµ will acquire a dynamics. We obtain the following
low energy effective theory in continuum limit
L =ψ¯I,nD0γ0ψI,n + vf ψ¯I,nDiγiψI,n
+ λ¯I,aD
′
0γ
0λI,a + v
′
f λ¯I,aD
′
iγ
iλI,a
+
1
αS
[TrF0iF
0i + c2aTrFijF
ij
]
+ ... (146)
where the velocity of the U(3) gauge bosons is ca ∼ l0J1,2,
and ... represents higher derivative terms and the cou-
pling constant αS is of order 1/Nf .
In the large Nf limit, fluctuations of the gauge fields
are weak. The model Eq. (146) describes a U(1)×SU(3)
gauge theory coupled weakly to 2Nf families of mass-
less fermions. Therefore, our bosonic model can generate
massless artificial quarks and artificial leptons that cou-
ple to artificial light and artificial gluons. As discussed
in Ref. [15], the PSG of the ansatz Eq. (142) protects
the masslessness of the artificial quarks and the artificial
leptons. Our model has an emerging chiral symmetry.
IX. CONCLUSION
In this paper, we studied a new class of ordered states
- string-net condensed states - in local bosonic models.
The new kind of orders does not break any symmetry
and cannot be described by Landau’s symmetry break-
ing theory. We show that different string-net condensa-
tion can be characterized (and hopefully, classified) by
the projective symmetry in the hopping Hamiltonian for
ends of condensed strings. Similar to symmetry breaking
states (or “particle” condensed states), string-net con-
densed states can also produce and protect gapless exci-
tations. However, unlike symmetry breaking states which
can only produce and protect gapless scaler bosons (or
Nambu-Goldstone modes), string-net condensed states
can produce and protect gapless gauge bosons and gap-
less fermions. It is amazing to see that gapless fermions
can even appear in local bosonic models.
Motivated by the above results, we propose the fol-
lowing locality principle: The fundamental theory for
our universe is a local bosonic model. Using several lo-
cal bosonic models as examples, we try to argue that
the locality principle is not obviously wrong, if we as-
sume that there is a string-net condensation in our vac-
uum. The string-net condensation can naturally pro-
duce and protect massless photons (as well as gluons)
and (nearly) massless electrons/quarks. However, to re-
ally prove the string-net condensation in our vacuum, we
need to show that string-net condensation can generate
chiral fermions. Also, the above locality principle has not
taken quantum gravity into account. It may need to be
generalized to include quantum gravity. In any case, we
can say that we have a plausible understanding where
light and fermions come from. The existence of light
and fermions is no longer mysterious once we realize that
they can come from local bosonic models via string-net
condensations.
The string-net condensation and the associated PSG
also provide a new solution to the chiral symmetry and
the fermion mass problem in lattice QED and lattice
QCD. We show that the symmetry of a lattice bosonic
model leads to PSG of the hopping Hamiltonian for the
ends of condensed strings. If the ends of condensed
strings are fermions, then PSG can some times protect
the masslessness of the fermions, even though the chiral
symmetry in the continuum limit cannot be generalized
to the lattice. Thus PSG can lead to an emerging chiral
symmetry that protect massless Dirac fermions.
In this paper, we have been stressing that string-net
condensation and the associated PSG can protect the
masslessness of fermions. However, most fermions in na-
ture do have masses, although very small comparing to
the Planck mass. One may wonder where those small
masses come from. Here we would like to point out that
the PSG argument for masslessness only works for ra-
diative corrections. In other words, the fermions pro-
tected by string-net condensation and PSG cannot gain
any mass from additive radiative corrections caused by
high energy fluctuations. However, if the model has in-
frared divergence, then infrared divergence can give the
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would-be-massless fermions some masses. The acquired
masses should have the scale of the infrared divergence.
The 3+1D QED model studied in this paper do not have
any infrared divergence. Thus, the artificial electrons in
the model are exactly massless. But in the bosonic model
discussed in section VIII, the SU(3) gauge coupling αS
runs as
dα−1S
d ln(M2)
=
11− (2/3)(2Nf)
4π
(147)
where M is the cut-off scale. Thus when Nf ≤ 8, αS
has a logarithmic infrared divergence. In general, for
models with U(1) and SU(3) gauge interactions and
a right content of fermions, the SU(3) gauge interac-
tions can have a weak logarithmic infrared divergence in
3+1D.[57, 58] This weak divergence could generate mass
of order e−C/αS(MP )MP , where MP is the Planck mass
or the GUT scale (the cut-off scale of the lattice theory),
C = O(1) and αS(MP ) is the dimensionless gauge cou-
pling constant at the Planck scale. An C/αS(MP ) ∼ 40
can produce a desired separation between the Planck
mass/GUT scale and the masses of observed fermions. It
is interesting to see that, in order to use string-net con-
densation picture to explain the origin of gauge bosons
and nearly massless fermions, it is important to have a
four dimensional space-time. When space-time has five
or more dimensions, the gauge-fermion interaction do not
have any infrared divergence. In this case, if a string-net
condensation produces massless fermions, those fermions
will remain to be massless down to zero energy. In 2+1D,
the gauge interaction between massless fermions is so
strong that one cannot have fermionic quasiparticles at
low energies.[59–61] It is amazing to see that 3+1 is the
only space-time dimension that the gauge bosons and
fermions produced by string-net condensation have weak
enough interaction so that they can be identified at low
energies and, at same time, have strong enough interac-
tion to have a rich non-trivial structure at low energies.
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